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Multiple-Model Adaptive Flight Control Scheme
for Accommodation of Actuator Failures

Jovan D. Boskovi¢* and Raman K. Mehra'
Scientific Systems Company, Inc., Woburn, Massachusetts 01801

A new parameterization for the modeling of control effector failures in flight control applications and a stable
adaptive scheme for failure detection, identification, and accommodationis proposed. The failures include lock in
place, hard over, and loss of effectiveness. It is shown that the resulting representation leads naturally to a multiple-
model formulation of the corresponding control problem that can be solved using a multiple-model adaptive
reconfigurable control approach. We derive stable multiple-model adaptive reconfigurable control algorithms for
several cases of increasing complexity, including the most complex case, wherein one of the effectors undergoeslock-
in-place or hard-over failure, and all others lose effectiveness. In all cases, the stability of the overall reconfigurable
control system is demonstrated using multiple Lyapunov functions, extensions of the Lyapunov method, and the
separation between identification and control arising in the context of indirect adaptive control. The approach is
illustrated through numerical simulations of the F/A-18 aircraft during carrier landing.

I. Introduction

AST and accurate flight control reconfigurationis of paramount

importance for increasing aircraft survivability in the presence
of severe subsystem failures and structural damage. As advocated
by a number of researchers in the field of advanced flight control
design, including the recent discussion from Ref. 1, adaptive con-
trol appears to be the most viable approach for achieving desired
flight performance in the presence of large uncertainties, including
abrupt, unknown variationsarising due to severe subsystem failures.
In addition, importantinformation for the overall guidance and con-
trol system is that regarding the type and time of failure. However,
whereas several adaptive reconfigurable flight control approaches
have been proposed, for instance, those in Refs. 2-5, among many
others,a detailed analysis of differentfailure parameterizations,cor-
responding adaptive control designs, and stability, robustness, and
performance of the overall closed-loop reconfigurable control sys-
tem is lacking in the existing literature. On the other hand, an ap-
proach for which some robustness properties can be determined is
that from Refs. 6-8, based on neural network compensation of fail-
ures. This approach can not guarantee that the tracking error will
tend to zero asymptoticallyand, in addition, is of the directadaptive
control type, hence failing to provide any informationregarding the
failure.

In this paper, we propose a new parameterizationfor a large class
of failures encountered in flight control applications and develop
stable multiple-model adaptive reconfigurable control algorithms
to accommodate for the variation in aircraft dynamics due to such
failures. It will be shown that the corresponding adaptive control
algorithms are well suited to compensate for the effect of multi-
ple simultaneous failures, even while maintaining the stability and
robustness of the system.

Our focus is on different types of failures of control effectors,
including the lock-in-place failure when the effector freezes in a
certain position and does not respond to subsequent commands.
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As shown in Ref. 9, for an aircraft controlled by a full-state feed-
back controller, such a failure introduces both constant and state-
dependent disturbances into the overall closed-loop system, and
controlreconfigurationis necessary for maintaining the stability and
robustnessof the system. As also shown in Ref. 10, adaptive control
using a single model may not be adequate for achieving this task in
the presence of failures of critical control effectors. This is because,
in a particular flight regime, aircraft dynamics immediately after
the failure may be very far from its nominal (no-failure) dynamics.
Hence, a single-model-based adaptive controller may be too slow
to bring the closed-loop system close to the new operating regime,
which may result in unacceptably large transients. For this reason,
in Ref. 10, a multiple-model-based reconfigurable control strategy
was proposed. The correspondingcontrolleris based on the control
effector redundancy encountered in modern overactuated aircraft,
and the concept of multiple models, switching and tuning (MMST)
from Ref. 11 (Fig. 1).

The MMST concept is fairly general and is well suited for the
case of plants with rapidly varying dynamics. If the plant dynamics
in differentoperatingregimes are described by differentmodels, the
MMST conceptis implemented by using the outputs of the parallel
estimators (identification models) Oy, O, .. ., Oy to find the model
closestin some sense to the current plantdynamics and switch to the
corresponding controller. In the context of reconfigurable control,
eachmodelin Fig. 1 representsa differentfailure scenario. Although
the system is initiated with the controller for the no-failure case,
in the case of failure, the objective is to design a suitable control
reconfiguration algorithm to assure that the scheme switches to the
controller correspondingto the model closest, in some sense, to the
dynamics of the failed plant. The need for MMST in plants with
rapidly switching dynamics can be summarized using Fig. 2.

AsshowninFig. 2, failuremay cause the plantdynamicsto switch
abruptly from some nominal point P, in the parametric space, to the
point P corresponding to the failed plant. The top part of Fig. 2
illustrates the case when adaptation using a single model may be
too slow to identify the new operating regime and reconfigure the
controller. In such a case, placing several models in the paramet-
ric set, switching to the model close to the dynamics of the failed
plant, and adapting from there can resultin fast and accurate control
reconfiguration.

This problem was studied in detail in Ref. 10, where both single
and multiple adaptive controllers were used to achieve flight control
reconfiguration in the presence of lock-in-place failure of a critical
control effector. It was shown that, whereas a single-model-based
adaptive controller yields unacceptable transients, a reconfigurable
controller based on the MMST concept results in fast and accurate
control reconfiguration. However, the overall scheme is well suited
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only for the lock-in-place type of control effector failures. In this
paper, we extend the results from Ref. 12 and propose a reconfig-
urable control scheme that covers the case of a large number of
control effector failures. The method is well suited for the case of a
large number of failures and results in the number of models equal
to the number of control effectors, plus an additional model for the
no-failure case.

Our approach is based on the failure modeling, MMST concept,
adaptivereconfigurable control design, multiple tentative Lyapunov
functions, and extensions of the Lyapunov method. In Sec. II we
state the reconfigurable control problem. New failure parameteri-
zation and the correspondingidentification models are presented in
Sec. III. Multiple-model adaptive control and corresponding proofs
of stability for the cases without and with loss of effectiveness are
given, respectively, in Secs. IV and V. Section VI contains exten-
sions of the method. Section VII provides simulation results, and
the conclusionsare givenin Sec. VIII, followed by Appendices A-1.

II. Problem Statement

In this paper we will consider the following linearized aircraft

model:
x,=Ax,+B,u (1)

wherex, € R" andu € R™ denote,respectively, the state and control
input vectors; A, is an (n X n) matrix; and B, is an (n X m) matrix.
We note that the matrices A, and B, are commonly gain scheduled
with the flight condition and are generally state dependent.

Typical linearized aircraft models can be parameterized in the
following form:

i‘] = AXQ (2)

wherex =[x{ x]]7,x, isan (n — p) vector, x; is a p vector, Bisa
(p x m)matrix,and matrices A and A are of appropriatedimensions.
The idea behind this parameterizationis to decompose the model

into a subsystem not directly affected by u, such that the relative
degree between x; and u is equal to two, that is, the x; subsystem,
and a subsystem where the relative degreeis equal to one, that is, the
x, subsystem. Also note that A is just a matrix of simple integrators.
Such a parameterization arises from the flight control applications
where linearized aircraft models already take this form. We also
note that the elements of x and u are perturbed variables, that is,
deviations from a trim condition.

Relative degree-two perturbed variablesin typical linearized air-
craft models include pitch angle 6, altitude %, bank angle ¢, and
yaw angle ¥, whereas relative degree-one perturbed variables are
forward velocity V, pitch rate ¢, angle of attack «, sideslipangle 8,
roll rate p, and yaw rate r.

We will also make the following assumption:

Assumption 1.

1) The state x(¢) of the system is available at every instant.

2) The number of actuators exceeds the dimension of x,, that is,
m=>p.

3) Rank (BB") = p.

Assumption 1, part 1, is satisfied in the case of modern aircraft
equipped with a large number of sensors and navigation filters, As-
sumption 1, part 3, is satisfied in a large number of flight regimes,
and Assumption 1, part 2, corresponds to the case encountered in
modern aircraft, where the number of control effectors exceeds the
number of variables that can be directly affected by the controls.

In this paper, we will consider the case when the objective is to
design a controller such that x; and x, follow the outputs of the
following reference model:

-x.:lm = Ax2m (4)
Xom = ApXy + Bur (5)

where x,, =[x xI 17, x,,, is an (n — p) vector, x,,, is a k vector,
A,, is asymptotically stable (p x p) matrix, B,, isa (p X p) matrix,
and r denotes a p vector of bounded reference inputs such that
F € L. Furthermore, the matrix A,, is such that

On7'><' A
AO:[( o }
Ay

is asymptotically stable.

Based on Assumptions 1, the state vector is measurable, BB is
full rank, and there is an excess of control inputs with respect to
the controlled outputs. Hence, the control objectivein the ideal case
that is, the case without control effector failures, can be achieved
using the following control law:

u=W'B"(BW'B")" {—Ax+ A(x —x,) + A, X, + B,r}
(6)

where A is such that the matrix Ag=[AT AT]” is asymptotically
stable. This control law is based on the pseudoinverse control al-
gorithm from Appendix A and is also referred to as the inverse
dynamics control law (IDCL).

Let e, =x; — x,,, and e, =x, — Xx,,, denote the output error vec-
tors, and e=[el el]”. From Egs. (2-6), we obtain the following
error model:

é = Aoe (7)
This systemis exponentiallystablebecause A is asymptoticallysta-
ble. Hence, the control law (6) achieves the objective, that is, forces
x(t) and x, () to follow, respectively, x,, (¢) and x,,, () asympto-
tically in the case without failures.

However, it was shownin Ref. 9 thatsucha controllaw, in general,
cannotstabilizethe closed-loopsystemin the case of controleffector
lockin place and that control reconfigurationis necessary to achieve
the objective. Hence, we consider the following control objective.

The control objective begins with the design of a control law
u(t) for the plant (2) and (3) such that all signals in the system are
bounded and, in addition,

tlim [, (1) —x1m ()] = tliﬁolo[xz(t) —x2, ()] =0 ®)

in the presence of different types of control effector failures.
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To solve this problem, we will first consider the parameteriza-
tion of different control effector failures. Our objective is to derive
suitable parameterizationand correspondingreconfigurable control
algorithmsto achieve the control objectivein the presence of a large
class of failures. This is discussed next.

III. Parameterization of Control Effector Failures

Common control effector failures include 1) freezing or lock in
place, 2) hard over, and 3) loss of effectiveness.In the case of freez-
ing, theeffectorgetslockedin a certainpositionand doesnotrespond
to subsequent commands; hard over is a special case of freezing
when the effector locks at its position saturation limit. These two
types of failures are particularly severe in the case of critical con-
trol effectors because, in the case of a full-state feedback baseline
controller, they generate both constant and state-dependent distur-
bances in the overall closed-loop system. As shown in Ref. 9, the
lack of compensation for such disturbances may lead to substan-
tial performance deterioration,instability of the overall system, and
loss of the aircraft. The case of loss of effectiveness correspondsto
a slow or sudden decrease in the control effector gain so that the
same control signal results in a smaller deflection of the effector as
compared to that achieved in the case with no failure.

Our objectiveis to develop a failure parameterizationmodel that
includes all of the preceding cases.

Let us, for simplicity, assume that the transfer functions of the
actuatorsis equal to one, and let

ﬁ = Bu = BK”( = [blklu('l b2k2u('2 bmkmu('m] (9)
where u. denotes the vector of signals generated by the controller,
K =diaglk, k, - k,]and b; denotesthe jth column of B. This
relationshipis represented graphically in Fig. 3.

It is clear that in the case with no failures, k; =1, and u; = u,;,
i=1,2,...,m.

In this paper, we propose the following parameterization of dif-
ferent types of control effector failures, specifically, the no-failure
case, the loss of effectiveness, the lock-in-place failure, and, the
hard-over failure, respectively:

ug (1), ki(t) =1, forall t >t

k,-(t)u(.,-(t), 0< €; Sk,(t) < 1, for all ¢ > tF;
ul(t)_ M(-,'(tpi), kl(t) = O, for all ¢ > tp;

() min OF (Ui)max, Kki(t) =0 forall ¢ > tp;
where ; denotes the time instant of failure of the ith effector, ;
denotes its effectiveness coefficient such that ; € [¢;, 1], and ¢; > 0
denotes its minimum effectiveness.

Comments:

1) The preceding parameterizationis given in terms of the signals
u;(t) and (possibly) time-varying gains k; (¢). As we will show in the
following sections, such a parameterization enables us to estimate
u; and k; separately.

2) The preceding parameterization covers several different cases
of control effector failures. In the case of loss of effectiveness, we
assumed that the effector effectiveness cannot be less than some
minimum effectiveness€; > 0. Otherwise, in the case when the ef-
fectiveness of all effectors is zero, the aircraft becomes uncontrol-
lable and inevitably crashes. In this paper, we will consider the case
when all effectors can lose effectivenessup to €; > 0 and show that
with our adaptive reconfigurable controller, the overall system will

Iy ul(t) .............. |

Fig.3 Relationship between u, and u.

still be stable and the control objective will be achieved. Also, we
will show that our approach is well suited for the case when one
of the effectors fails (lock in place or hard over), whereas all other
effectors loose effectiveness.

3) As will be shown in the followingsection,animportantelement
in our design is that, in the case of lock-in-place and hard-over
failures, u;(t) =0, Vt > tr;.

We will now show that the preceding parameterizationleads nat-
urally to a multiple-model formulation of the correspondingrecon-
figurable control problem.

Using expression (9), we first rewrite the plant equation (2) and
(3) in the form

,x.,‘l = AxQ (10)
)k2=Ax+b1k1u(.1 +b2k214(-2+"'+bmkmu(.m (1])

This is the model of the plant in the case with no failures and can
be expressed in a compact form as

x; = Ax, (12)
X, = Ax + BKu, (13)

where K =diaglk; k, --- k,].

Using the preceding parameterization of u;, we next focus on
the case of failures of control effectors. It is seen that each case of
failure can be modeled by a different model, resultingin the total of
m equations of the form

X1 = Axy (14)
X2 = Ax + B;Ku, + b;ii;, i=1,2,....m (15

where it; canassume the following values: 1) u; (tr; ) (lockin place),
or 2) (U;) min OF (4;)max (hard over). Matrices B; from the preceding
expression are of the form

By =100 by, by ... bu_i byl
BQ = [b[ 0 b'; bm—l bm]
B,y = [bi by b 0 b,]
Bm = [b[ b2 b'; e bm —1 0]

where 0 is an m vector with zero elements. It is seen that each failure
is modeled by removing the correspondingcolumn of matrix B and
adding the term b;u;.

The corresponding identification models can be chosen in the
following form:

X190 = Ak (16)
X2 = Aéy + Ax + BKou, 17
Xy = Aky (18)

i‘Q,-:Aé,--l—Ax-i-E,-Ieiu(.-i-b,-ﬁ,-, i=1,2,...,m (19)
where ¢ =% —x,i=0,1,2,...,m; ¢=Je], el1"; x =
[x7. x3.17; and K; and &; denote, respectively, the estimates of K
and u;. In the preceding equations, subscript O corresponds to the
no-failure case, and A is chosen such that the matrix

oxr A
Ay = [O“ b } (20)

is asymptotically stable.

Comment: One of the first questionsthat arise after studying the
precedingidentification models is as to whetherit would be possible
to estimate all of the failures using a single identification model.
However, there are several problems with such an approach, even
in the case when K =1, . ,,. Because we do not know in advance
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which effector will fail and when, and because the signals «; are, in
general, time varying,such an approach would lead to simultaneous
identification of m time-varying signals. Hence, even in the case
with no failures, we can not guarantee that the identification error
will tend to zero. Another possibility is to use only two models: one
for the no-failure case and the other one for estimating the failure.
However, the problem again reduces to that of estimating m time-
varyingsignals online. Even if one or more effectorsfail in the sense
that u; (t) =0 for all # > t;, the remaining effectors will generate
forcing terms due to the derivatives i; (), so that the most that
we can show is that the resulting identification error is bounded,
but not that it tends to zero asymptotically. As we will show in
the following sections, the approach based on m + 1 identification
models removes these disadvantages.

Our objective is to design control algorithms corresponding to
the preceding identification models and devise a suitable strategy
for switching among such controllers so that the control objective
is met in the presence of the failures just discussed. The baseline
control strategy is discussed in the following section.

IV. Baseline Reconfigurable Controller

To derive the reconfigurable control laws for the preceding cases,
we first rewrite the baseline control law (6) in the form

u.=WI'BT(BW-'BT) In 21
where
n= _Ax+A(x_xm)+Amxm +er (22)

Based on the preceding failure models and the approach from
Ref. 9, we design m + 1 controllers of the form

u;, = K'W-'BT(BW-'B")"'©;[n — b;ii;]
i=0,1,2,....,m (23)

where ®; € R¥*¥_ Tt is clear that, in the case with no failures,
K=1,,., ® =1, and iy =0. In the case of failures,

©, =BW'B"[B,w'B"]", i=1,2,....m (4
As shown in Ref. 9, such controllers achieve the objective in the
presence of control effector freezing. We will extend this approach
to the case of other unknown failures as well (hard over and loss of
effectiveness).

The preceding controllers are designed for the ideal case, thatis,
assuming that the type of failure, that is, the value of u;, and the
loss-of-effectivenesscoefficients, that is, the matrix K, are known.
The corresponding multiple reconfigurable adaptive controllers are
based on online estimation of K; and u; and are of the form

u; = K'W-'BT(BW-'B")"'[0;(y — b;ii;)]
i=01,2,....,m (25

Our next objective is to devise a suitable strategy for switching
among these controllers so that the control objective is achieved in
the presence of the failures just discussed.

V. Multiple-Model Adaptive Controller

The design of a reconfigurable control strategy that is based on
switching among the given controllers, and that results in a stable
overallsystem, is a complex task. Hence, we will divide our analysis
into three parts: 1) In the first part, we will consider the case without
loss of effectiveness covering the cases of lock-in-place and hard-
over failures. 2) In the second part, we will consider the loss of
effectivenesstype of failure only. 3) In the third part, we will design
an adaptive reconfigurable controller for the case when one of the
effectorsundergoesa lock-in-placeor hard-overfailure and all other
effectors loose effectiveness.

A. Case Without Loss of Effectiveness

We will start our analysis with the case when the effectors can
undergo only lock-in-place or hard-over failures. In such a case,
K =1, « . Based on Egs. (16-19) with K; = I,  ,», we next build
m + 1 identification models for this case. The models are of the form

;10 = A'%ZO (26)
¥20 = Aéy + Ax + Bu, 27)
X1 = Ak, (28)

X = A& + Ax + B, + by,  i=1,2,....m (29)
The corresponding controllers are based on Eq. (25) in the case
when K; =1, ., and are of the form

u; =W 'BT(BW-'B")"'0;[n — b ;]
i=0,1,2,....,m (30)

where ©y = I, ., remaining matrices ®; are defined in Eq. (24), #;
denote the estimates of i;, and &1, = 0.

To devise a suitable strategy for switching among these con-
trollers, we will first consider the case when the system has the
information about the failure. Although this is not a realistic as-
sumption, it serves as a basis for the adaptive reconfigurable control
design in the case when this information is not available.

1. Case of Known Failure
We first substitute the controllers (30) into the corresponding
identification models (26-29) to obtain

€, = Ao, i=0,1,2,...,m (31
wheree,,; = Xx; —x,,. Because A, is asymptoticallystable, the given
systems are exponentially stable, which implies that, for every i,
lim, _, o &,,;(t) =0. The fact that with the ith controller the ith ob-
server behaves asymptotically as the reference model will be used
in our adaptive control design.

We next consider the two possible cases: 1) case with no failure
and 2) case when there is a failure of the jth effector at instant #;
(lock in place or hard over) and this information is available to the
controller. Because the information about the failure is available,
we will use u,, in case 1 and u; in case 2.

a. Case 1 (no failure): From Egs. (26), (27), (12), and (13),
for the case when there is no loss of effectiveness, that is, when
K=1,,,,wehave

€0 = Aok (32)
Because in this case u,, is used, from Eq. (31) we also have
eno = Noéno (33)
From Egs. (28), (29), (14), and (15) for K =1, . ,,, we now have
é; = Aéy, (34)
& = Né; + b, i=1,2....m (35)

where ¢; = ii; — u;. We note that the signals u; are, in general, not
measurable. Hence, both u; and #; will be assumed unknown.

Let P denote a symmetric positive-definite solution of the
Lyapunov matrix equation

AJP+PAy=-0 (36)

where Q = QT > 0. We next consider the following theorem.
Theorem 1: 1f there are no control effector failures, if the con-
troller u,, is used for all time, and if the estimates i, are adjusted
using the following adaptive algorithms,
L;t,- = Proj {_J/ié,'T Pbi}

[@i) min> (i max ]

ﬁl(o) € [(ui)minv (ui)max]v i = 19 29 -~ (37)
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where y; > 0 denote adaptive gains, then 1) all signalsin the system
are bounded and 2) lim, _, [x(?) —x,,(t)] =0.

Proof:  The proof is given in Appendix A.

b. Case 2 (failure of the jth effector): In this case the plant
equation is of the form

xl = Ax2 (38)
X, =Ax+buy +byuy+---+bju+ -+ by, (39)

where i, =u,;(tF;) is a constant. From the preceding equations
and Egs. (26) and (27), we have

é10 = Aéxy (40)
€2 = Aoéo + bj(ue — ) (41)
Furthermore, from Egs. (38), (39), (28), and (29), we have
é; = Aéy, (42)
62 = Ao +b;0; (43)
Because, in this case, u; is used, from Eq. (31) we have
;= Moy, (44)

We now focus on the remaining m — 1 identification models. From
Egs. (28) and (29) and Egs. (38) and (39), we now have

éli=Aé2i (45)
e = Aé; + bigy;, i=1,2,....m, i#j (46)

We also consider the following theorem.

Theorem 2: 1If there is a failure of the jth control effector, if
the controller u,; (¢) is used for all £ > fx;, and if the estimates i;
are adjusted using the adaptive algorithms (37), then 1) all sig-
nals in the system are bounded, 2) lim, _, o, [x(t) —x,,(:)] =0, 3)
lim, _, o ¢; () =0.

Proof: The proofis given in Appendix B.

Based on Theorems 1 and 2, we next consider Theorem 3.

Theorem3: Ifthesystemstaysatu,, in the case withoutfailures,
or is switched at  =1; to the controller u.; in the case of known
failure, adaptive algorithms (37) assure that all signals are bounded
and, in addition, lim, _, ,,[x(t) —x,,(t)]=0.

Proof: The prooffollowsdirectly from the proofs of Theorems 1
and 2, Appendices A and B. O

Thus far we have assumed that the time instantand type of failure
are known. It is seen that, when the current controller is u,, in
the no-failure case, or u,; in the case of lock-in-place or hard-over
failure, the overall system will be stable, and the control objective
will be met. We will use this analysis as a basis for our switching
reconfigurable control strategy. This is discussed in the following
section.

2. Multiple-Model Adaptive Controller

In this section, we will extend the earlier results to the case of
unknown failure. This problem will be solved using multiple-model
adaptive control.

a. Overall controller: The overall controller consists of the
identificationmodels (26-29), reference model (4) and (5), and con-
trollers (30), where the estimates ii; are adjustedusing Eq. (37). The
objectiveis to devise a suitable strategy for switching among these
controllers to achieve the control objective in the presence of lock-
in-place and hard-over types of control effector failures.

b. Switching scheme: The switching scheme used in this pa-
per is similar to that from Ref. 11 and is based on the following
performance indices:

¢ t
1.(t) = c||é; ()| 2 é (02 d
(@) =cile; @)l +63t+]/t0 lle; (x)II” dz

j=0,12,....m (47)

whereé; =x; —xandc¢; >0,i =1, 2, 3. The scheme is started with
u., and is implemented by calculatingand comparing the preceding
indices every t, instants and finding their minimum. The scheme
switches to (or stays at) the corresponding controller.

We will next prove that such a strategy results in a stable overall
system in which the control objective is accomplished.

Theorem 4: The preceding switching scheme assures the
boundedness of all signals in the system (12) and (13) (with
K=1,.,), (26-29), (4), (5), (30), and (37), and guarantees that
lim; , o [x(?) —x, (£)] =0.

Proof: The proofis given in Appendix C.

Comments:

1) Estimates #; can be thought of as failure indicators. In the
case of lock-in-place or hard-over failure of the jth effector, the
derivative of u.; will be zero and we will have u.;(t) = u; for
all # > ;. Because a constant is sufficiently persistently exciting
in one-dimensional parameter space, that each identification model
contains only one adjustable parameter results in convergence of
the error i; (t) —u; to zero. Hence, besides achieving the control
objectivein the presence of unknown failures, accurate and efficient
failure detection and identification (FDI) is also achieved.

2) All proofs are based on the separation between identification
and control arising in the context of indirect adaptive control. As
discussedextensivelyby severalauthorsin the 1970sand 1980s (see,
for example, Ref. 13), the certainty-equivalenceprinciple is based
on generating the plant parameter estimates by a suitably chosen
identification model and using these estimates in the control law at
every instant. Such a strategy was shown to enable the design of
an identification model that is (to a large extent) independentof the
control law. In particular, in the case of continuous-time systems,
as long as the control input and state are bounded, the properties of
the identification model (boundednessof the signals and asymptotic
convergence of the identification and parameter errors to zero) can
be established independently of the nature of the control law.

3) The separationbetweenidentification and controlin the context
of multipleidentification models enabled us to use multipletentative
Lyapunov functions and establish separately the properties of each
identification model.

4) The analysis of both open-loop and closed-loop behavior of
each observer using multiple tentative Lyapunov functions enabled
us to demonstrate the following: a) With the adaptive laws (37),
all identification errors will be bounded, regardless of the current
controller. This can be shown by the reconfigurable control problem
being formulated as that of indirect adaptive control in the presence
of time-varying parameters, where their estimates are bounded by
the choice of adaptive algorithms. b) If at least one of the models
coincides with the current plant dynamics, say the /th model, then
¢, € L2 N L=, which holds independently of the current controller.
¢) The closed-loopdynamics of the identification model correspond-
ing to the currentcontroller will asymptotically approach that of the
reference model, which, after some analysis, implies thatx and u;
are bounded. d) Conditions b and ¢ imply that ¢,(¢) will tend to
zero asymptotically. e) After some analysis, we can also show that
the errore,,; (t) =X,,;(t) —x(t) will also tend to zero asymptotically.
f) Conditions d and e imply that the tracking objective is achieved,
that is, that lim, _,  [x(¢) —x,,(#)] =0.

5) From condition d of comment 4, it follows that, even with a
wrong controller, lim, _, ., &;(#) = 0. Because all other identification
models will have forcing terms, their performance indices will be
nonzero. Because of the term ¢, /(¢3¢ + 1) and because ¢,(¢) tends
to zero, we can conclude that lim, _, , /;(t) =0. Hence, as shown
in the preceding theorem, the scheme is guaranteed to switch to the
right controller.

B. Loss of Effectiveness Type of Failure

In this section, we will assume that all effectors can undergo loss
of effectiveness and that there are no other failures.

We first consider the following assumption. .

Assumption 2:  We assume that k; € £2N L>® and k; € L= for
alli=1,2,...,m.

We are essentially assuming that the loss of effectiveness can
occur either as a slow or abrupt variationof k; () and that each k; (¢)
eventually settles at the new value.
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In this case, the identification model is of the form
X0 = Ay (48)
X2 = A%y + Ax + BRu, (49)

where the elements of the diagonal matrix K are estimates l},- of k;,
i=1,2,...,m.
In this case, u. =u,,, so that

u,=K'W'B"(BW'B") ' (50)

where 7 is defined in Eq. (22).

Let P= P[0 BT]", where P is defined in Eq. (36). Adaptive
algorithms are chosen in the form

ki =Proj{—yuélpiua}. k() ele.01 (5
lei. 1]

where y,; > 0 and p; denotes the ith column of P.

We next consider the following proposition.

Proposition 1:  Adaptive algorithms (51) assure that

ST ' <~ U.P 6y — ¢/ T, 'k (52)

Proof:  After premultiplying the expressions from Eq. (51) for
every i with the correspondingk; /y4;, and adding the resultingequa-
tions, we obtain

k= Proj{—£.é pou 53

‘ ;[ﬂd{ it ) (53)

Using the properties of the adaptive algorithms with projection, we
then have

KT % < —k"U.PTé& (54)

Because ¢y; = l?,- —k;, Eq. (52) holds. O

We next consider the following theorem.

Theorem 5:  Adaptive algorithms (51) assure that all signals in
the system (12), (13), (48), (49), (50), and (22) are bounded and
that, in addition, lim, _,  [x(¢) —x,,(#)] =0.

Proof: The proof is given in Appendix D.

Comment: In this case, a single identification model was used.
Multiple-model control design in the case of simultaneous failures
and loss of effectivenessis discussed in the following section.

C. Integrated Adaptive Reconfigurable Controller

In this section, we will present the integrated multiple-model
adaptive reconfigurable controller that achieves the objective in the
presence of simultaneousloss of effectivenessand freezing or hard-
over failures.

In this case, the identification models are of the form

X190 = Ak (55)
X2 = Aéy + Ax + BKou, (56)
Xy = Ay (57)

%y = A&, + Ax + B, Ku, + by, i=1,2,....m (58)

The corresponding controllers are of the form
u; = K;'W-'B"(BW~'B")"'®,[n — b; ;]
i=0,1,2,....,m (59)

where ©) = I; ., ilo = 0, and matrices ©; are given by Eq. (24).
After substituting each u,.; from Eq. (59) into the corresponding
model (56) and (58) and subtracting Eq. (5), we obtain

Cni = Dol i=012,....m (60)
where e,,;, =x; — x,,.

The error model is obtained by subtracting Egs. (12) and (13)
from Egs. (55-58):

o1 = Aéyy (61)

0 = Aéo + BUp, (62)

én = Aé,, (63)

bin = Noei + BUAp,, +bigy,  i=12....m (64
where U, =diagluc, s ... Uenland ¥y, =[Yy; Yo ... Yuil”

i=0»192»---9msandwij=kij_kisi=1»29---»m;andj=O»1»
2,...,m.
The adaptive laws are of the form
i; =  Proj {—y,-éiTPb,-}

[ (i) min (i Jmax |

ﬁl(o) € [(ui)minv (ui)max]v i = 19 29 co.,m (65)
]},‘j = Proj{—y,-_,-éiTﬁ,-u(.,- }, ]2,,(0) € [6,‘, O]
[ei 1]

i=12,...,m, j=0,1,2,...,m (66)

The switching scheme is as follows. As in the earlier case, switch-
ing among the controllersis based on the performanceindices (47).
The scheme is started with u., and is implemented by calculating
and comparing the preceding indices every 7, instants and finding
their minimum. Once the minimum is found, the scheme switches
to (or stays at) the corresponding controller.

Theorem 6: The preceding switching scheme assures the sta-
bility of the system (61-64), (65), and (66), and guarantees that
lim; , o [x(?) — x,, (£)] =0.

Proof: The proofis given in Appendix E.

Comments:

1) Note that the same approach suggested for the case without the
loss of effectiveness carries over to the most complex case as well,
and that the proofs related to simpler cases can be effectively used
in the proofs of stability in this case.

2) In the case with no loss of effectiveness, the proposed scheme
guarantees that the estimate of the failed effector, that is, i; (¢), will
converge to its true value. However, the scheme does not guarantee
that the other estimates will also convergeto their true values even if
u.(t) converges to a constant vector. This is because each observer
assumes that the no-failure case is the nominal regime, whereas im-
mediately following a failure of the ith effector, the new nominal
regime is the failure mode of the ith effector. Hence, the scheme
cannot handle subsequent failures, which can cause significant per-
formance deteriorationand even instability of the system. For these
reasons, in this paper, we propose a supervisory FDI-adaptive re-
configurable controller (FDI-ARC) scheme. This is discussedin the
following section.

VI. Supervisory FDI-ARC Scheme

The design of the supervisory FDI-ARC scheme is based on the
observation that, even when the failure is accurately identified, the
remaining estimates do not, in general, convergeto their true values.
We also note that the described FDI-ARC scheme generates the
informationabout the observerclosestto the currentplantdynamics,
for instance, the ith observer, and about the correspondingestimate
it;. To assure that all of the estimates will converge to their true
values, in this paper we propose a supervisory FDI scheme shown
in Fig. 4.

The FDI subsystem passes on the information about the observer
closest to the current plant dynamics and the corresponding pa-
rameter estimate to the parameter estimation subsystem; based on
that information and under the assumption that the control input
eventually converges to a constant value, the parameter estimation
subsystem estimates accurately the remaining parameters. In addi-
tion, in the case of failure of the ith effector, and based on accurate
estimates of all parameters, the decision-making subsystem uses
this information online to reset all FDI observers to the new nom-
inal regime, that is, the regime established immediately following
the failure.

In this case, the parameter estimation subsystem consists of an
additional set of observers that generate estimates X ; of x. These
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observers are initiated with x(fp) =x(f)) and only if there exists
an i > 0 such that ; (t)) = min{l,(ty), I, (ty), . .., I, ()} (we recall
that i = 0 corresponds to the no-failure case). The observers are of
the form

il.f = Aj; (67)
X2, = AR —X) + Ax + Bju. +b,6; + b, (i; — u)
j=12,....,m, j#i (68)
where
;= Proj {-v;(% —0"Pb;}
[t min . max]
0;(0) € [(t;)mins (U )max], j=1,2,....m, j#i (69)

Note that, in the case of failure of the ith effector, we will have

X = Ax, (70)
i, = Ax + Bu, + b;i; (71)
)A(l_,' = A)A(zj (72)
X2, = AR —X) + Ax + B, + byt +b;0; — u))
j=12....m j#i (73)

Hence, each of the precedingobservers (except for the ith observer),
will contain the estimate of i#; (which comes from the FDI subsys-
tem); the jth observer also contains its own estimate of u; (j #1i).
If u.(t) converges to a constant vector, because i; (1) tends asymp-

HIGHER-LEVEL
DECISION-MAKING

| ' SUBSYSTEM

: L) [ 1 0 *
FDISUBSYSTEM| G0 [PEe e & | CONTROLLER

x }u uf x |

PLANT

Fig. 4 Structure of the proposed supervisory FDI-ARC system (©
1999-2002 Scientific Systems Co., Inc.).
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totically to i;, we can readily show that all estimates 6; will tend
asymptotically to their true values. These observationsare summa-
rized in the following theorem:

Theorem 7: Let =10, 0, 0i_1 041 0,,17. As-
sume that the ith effector has failed and that lim, _, ., u.(¢) =u..
Then the supervisory FDI-ARC scheme guarantees that 1)
lim, _, o, 6 () =u, and 2) any lock-in-place or hard-over failure that
occurs after some time interval t; will be effectively detected and
accommodated.

Proof: Iftheitheffectorhasfailed, the FDI subsystemdescribed
in the preceding section assures that lim; _, o, ¢; (#) =0 and that
the scheme switches to u,;. This information activates the param-
eter estimation subsystem. Let €,; = X;; — X, €2, = X2; — X2, and
€;=Ile¢]; €;1". Using Egs. (70-73), we obtain the following error
model:

é; = Aey, (74)

6.2_,' = AE_,' +b,‘¢,‘ +b_,’¢'_,’, j = 1, 2, e j # i (75)

,m,

where ; =6; —u.;. Then w, = 0'_,- — i,
Eq. (69).
‘We next choose

where 6; is given in

Vitej ¥ = (] Pe; +v7 /7)) (76)
where y; > 0. Its first derivative along the motion of the jth observer
yields

Vi(ej, ¥j) < _%)‘m lle; 11> + 6_,-T Pb;i¢i =it /y; (77)
where the properties of adaptive algorithms with projection were
used. Based on the results of earlier theorems, it can be readily
shown that #.; is bounded. Because ¢; is bounded, and adaptive
algorithms with projection are used to adjust ¢;, there exist ¢, > 0
and ¢, > 0 such that

Vile;, ¥) < =ta,lle; 1>+ cillell + e (78)

Using the arguments from Ref. 14, we can readily demonstrate that
there exists a ¢ > O such that ||€; (#)|| < c forall # > #,. Hence, V; (¢)
is also bounded. )

We further integrate V; from Eq. (48) to obtain

1 oo
Vi (0) = V;(00) = S / llé: ()11 dr
0

—cQ/ |¢,-(t)|dt—c;/ i (2)| dt
0 0

for some constants ¢ > and ¢, > 0. Because ¢; (t) tends to zero, and
u.(t) tends to u., the last two terms on the right-hand side of the

(79)
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Fig. 5 State response of the F/A-18C and D aircraft with the baseline controller: case with no failures or disturbances.
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preceding expression are bounded. Hence, €; € £2. From Egs. (74)
and (75), €; is bounded. Hence, lim,_, , €;(¢) =0. The adaptive
system (74), (75), and (69) contains only one adjustable param-
eter ;, that is, 6;, whereas ¢; tends to zero asymptotically. Be-
cause€; =0and ¥; = 01is a unique equilibriumstate, it follows that
lim, _, o ¥, (t) = 0. Because the same holds forall j # i, Theorem 7,
part 1 holds.

We next define a vector w that depends on ¢;, u,., €;, and
0;,j=1,2,...,m, j#i, thatis,w=[e] € ¢ ... € _ €
oo E; wl wQ e w,',l Wi+1 e wm]T This Stablllty analy—
sis, along with that from earlier theorems, implies that all signals
in the system will converge to zero in a uniform fashion, includ-
ing w(t). Then there exists a time instant t; such that ||w(?)|| <48
for all t > 7. By choosing § properly, the decision-making sub-
system resets all observers to the new operating regime. Hence,
the initial nominal observer is removed, and the observer corre-
sponding to the failure of the ith effector becomes the new nominal
observer. All other observers are modified accordingly. We can con-
clude that this enables the scheme to detect, identify, and accommo-
date subsequent failures that occur for ¢ > t;, which completes the
proof. a

One of the main features of the proposed scheme is that, because
adaptive algorithms with projection are used, we can choose large
values of adaptive gains to guarantee fast convergence of ¢; (f) and
¥ ;(t) to zero. We next evaluated the performance obtained using
the supervisory FDI-ARC scheme through simulations. This is dis-
cussed in the following section.
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Fig.6 Input response of the F/A-18C and D aircraft with the baseline
controller: case with no failures or disturbances.
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VII. Simulation Results

All simulation results are evaluated on a combined linear and
nonlinear simulation of F/A-18C/D. The simulation combines the
nonlinearaircraft kinematics with linearized control derivatives ob-
tained from a linearized model provided by The Boeing Co. The
simulation also includes linear actuator dynamics (second order),
as well as engine dynamics (sixth order), along with position and
rate limits on the control effectors.

A. Selected Flight Regime

The simulated flight regime is power approach. Landing is ini-
tiated at t =0 from 500 ft (152.4 m) and with forward velocity
V =228.5 ft/s (69.65 m/s). The desired response is specified using
a suitably defined reference model.

B. Control Variables

The following control effectors are available for controlling the
aircraft: #; and u, = left and right leading-edgeflap, 2) u; and uy =
left and right stabilator, 3) us and ug = left and right rudder toe-in,
4) u; = engine power lever,and 5) ug and uy = leftand rightaileron.

C. Control Objective

The objective is to achieve fast and accurate capture of the glide
slope of 3 deg. The desired speed of response is specified by the
requirement that the flight-path angle achievesa value of —2 deg in
3.5-3.8s.
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Fig.8 Input response of the F/A-18C and D aircraft with the baseline
controller: case of left rudder lock-in-place and the roll-axis distur-
bance.
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Fig. 9 State response of the F/A-18C and D aircraft with the adaptive reconfigurable controller: case of 50% left stabilator damage, left rudder

lock-in-place, and the roll-axis disturbance.
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Fig. 10 Input response of the F/A-18C and D aircraft with the adap-
tive reconfigurable controller: case of 50 % left stabilator damage, left
rudder lock-in-place, and the roll-axis disturbance.

D. Failure Scenario

‘We have chosen the following failure scenario: Left stabilator un-
dergoes50% damageatt =0, leftrudderlocksin placeat? =3.5s,
and there is roll axis disturbanceatt =4 s.

E. Baseline Controller

We first simulated the aircraft with the baseline controller in the
ideal case, that is, the case without failures or disturbances. The
resulting response is shown in Figs. 5 and 6. The control allocation
is chosen to minimize the sensitivity to failures. Our next simulation
was carried out in the case when the left rudder locks in pace at
t =3.5 s. The response from Figs. 7 and 8 shows that the closed-
loop system becomes unstable. This is due to saturation of most of
the control effectors. Note that the system becomes unstable even
in the case when there are no disturbances acting on the aircraft.
Hence, the baseline controller cannot handle critical failures, and
controlreconfigurationis neededto assure the stability of the closed-
loop system.

F. ARC

As shown in Ref. 15, our adaptive reconfigurable controller as-
suresexcellentresponsein the following cases: 1) 50% left stabilator
damage at # =0 s and disturbanceat t =4 s, 2) left rudder failure at
t =3.5 s and disturbance at t =4 s, and 3) combined failure, 50%
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Fig.11 Failure-related parameter estimates, performance indices, and
the switching sequence in the case of the combined failure.

left stabilator damage during straight flight (# = 0), and left rudder
lock in place at# = 3.5 s. The response in the latter case is shown in
Figs. 9 and 10. Note that the resulting response is excellent despite
the presence of multiple failures and disturbance. The estimates of
k(t) and us(t), as well as the corresponding performance indices
and the switching sequence, are shown in Fig. 11. It is seen that the
scheme immediately switches to the right observer and controller
based on the relative value of the performance indices and that the
estimates of the failure-relatedparameters quickly converge to their
true values. The overall scheme is highly robust to the disturbance
in the roll axis.

VIII. Conclusions

In this paper we propose a new parameterization for the mod-
eling of control effector failures in flight control applications. The
failures include lock in place, hard over, and loss of effectiveness.
It is shown that the resulting representation leads naturally to a
multiple-model formulation of the corresponding control problem
that can be solved using a multiple-model adaptive reconfigurable
control approach. In this context, stable multiple-model adaptive
reconfigurable control algorithms were derived for several cases of
increasing complexity, including the most complex case, when one
of the effectors undergoes lock-in-place or hard-over failure, and
all others loose effectiveness. In all cases, the stability of the over-
all reconfigurable control system was demonstrated using multiple
Lyapunov functions, extensions of the Lyapunov method, and the
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separation between identification and control arising in the context
of indirect adaptive control.

‘We emphasize that the stability results from the paper are derived
in the ideal case, that is, in the case with no disturbances, control
inputsaturation,and actuatordynamics. From that point of view, the
results from the paper are suitablefor initialanalysisand as a starting
pointin the procedurein whichmagnitudesof differentdisturbances,
control input saturation, effect of nonlinear coupling, and actuator
dynamics need to be taken into account during the verification and
validation of the control algorithm. Because of the properties of
adaptivealgorithms with projection, we can readily demonstrate that
the system will be robust in the presence of parametric uncertainty,
time-varying parameters,bounded external disturbances,noise, and
some classes of unmodeled dynamics. A detailed analysis of the
robustnessand performance of the overall system in the presence of
such perturbationsis a subject of our current investigation.

Another important question that arises in the context of flight
controlis thatofboth positionand rate saturationof controleffectors.
Because the case of adaptive algorithms with projection transient
boundson the outputerror can be readily calculated, we are currently
working on relating these bounds to the state sets obtained from the
input saturation bounds.

We also plan to extend this approach to the case of uncertain
system parameters, as well as to nonlinear aircraft models.

Appendix A: Proof of Theorem 1

Proof: We firstnote that Eq. (32) implies thatlim, _, , ,(¢) =0,
whereas Eq. (33) implies thatlim, _, , ,,0(#) = 0. These two condi-
tions also imply that lim; _, o, [x(¢) —x,,(¢)] = 0, which proves part
2 of Theorem 1. To prove part 1, we now need to show that all errors
e;,i=1,2,..., mare bounded.

Let the Lyapunov function candidate for the ith identification
model be of the form

Viei, ¢) = L(e7 Pe; + 7 /i)

Because ¢; = ﬁ,- — u;, using the properties of adaptive algorithms
with projection (see Appendix I) and Eq. (36), its first derivative
along the motions of Egs. (28), (29), and (37) yields

. ar o )
Vi(e;, ) < —3e] Qe; — ¢;ii;

We now note that, because there is no failure, u; =u,;. Also, each
u.; is bounded because x, x,,, r, and i; are bounded and

it; = W'BT(BW'BT)™'0,[7) — b;i;]

where 1=—(A — A)x— (A — A,)x,, + B,F. Because x = Ax +
Bu,, and because u.. is bounded, it also follows that x is bounded.
Because r is bounded, x,, is also bounded, which implies that x,,
is bounded as well. Because i€ L, it follows that 7(¢) is also
bounded. In addition, from the adaptive algorithms (37), ;(t) is
bounded. The preceding analysisimplies that there exists a constant
¢,; > 0 such that
”il('i (t)” < Cuis vt > tO

Because the adaptive algorithms (37) result in |¢; (t)| < (4;)max —
(U;)min, We also have

Vi@ ) < —2h. e + ¢

where A, denotes the minimum eigenvalue of Q and c¢; =
[(@:)max — () min]Cui. It follows from Ref. 14 (see Appendix H)
that é; is bounded. Because this holds for any i =1, 2, ..., m, this
completes the proof. O

Appendix B: Proof of Theorem 2

Proof:  Let the Lyapunov function candidate for the jth identifi-
cation model be of the form

Vi, ;) = %(éJTPéJ. +¢_?/V.i)

Because in the case of lock-in-place or hard-over failure of the jth
effector we have u.; (1) =0 for all 7 > 1, it follows that ¢;(¢) =
i ;(t) over the same interval. By the use of the properties of adap-
tive algorithms with projection, the first derivative of V; along the
motions of Egs. (42), (43), and (37) fori = j yields

Vi@, ¢,) < —1670¢; <0

It follows that é; € £2 N L™ (see Appendix G). However, this does
not imply that lim, ,  €;(#) =0. Because Eq. (44) implies that
lim, _, « €,,; (1) =0, and because x,, is bounded, it follows that x;
is bounded. Because ¢; is bounded, this in turn implies that x is
boundedas well. Becausex, x,,,r, and iZ; are bounded, it follows that
each u,; is bounded, including u.,;. This implies that &; is bounded,
which implies (see Appendix G), that lim,_, « €;(f) = 0. Because
both ¢,,;(t) and ¢;(¢) tend to zero asymptotically, it follows that
lim, _, o [x(¢) — x,, ()] = 0, which proves part 2 of Theorem 2.

We now need to prove that the errors g and &;, i = 1,2, ..., m,
i # j, are bounded. Let the Lyapunov function candidate for the
identification model (40) and (41) be of the form

Vo(&y) = $é) Peg
Its first derivative along the motions of Egs. (40) and (41) yields:
Vo(@o) = —3&5 Qéy + &) Pb(u,; — i)

Because each u,; is bounded, then there exists a constant ¢,; such
that |u.; ()| <c,; forall t > t5;. Hence,

Vo(@o) < —Lnlléol® + colléoll

where ¢y = || Pb;||(c,; + ii.;). It again follows from Ref. 14 (see
Appendix H) that e, is bounded.

Along exactly the same lines as in the proof of Theorem 1 it
follows that all errors e;, i =1,2,...,m, i # j are also bounded,
which proves part 1 of Theorem 2.

In addition, because the system (42) and (43) is linear, its unique
equilibrium state is (¢; =0, ¢; =0). Because lim, _, , €;(t) =0, it
follows that lim; _, , ¢; (f) = 0, which completes the proof. O

Appendix C: Proof of Theorem 4

Proof: Because the design of the identification models is
under the discretion of the designer and because x(¢) is mea-
surable, all models can be initiated with x;(0) =x(0) at 7, =0.
Because the system is started with u.,, this results in e¢(z) =0,
forallt € S, ={r:0 <t <1t5;}. Because all other models have forc-
ing terms due to the terms u; (), the indices I;(t), j=1,2,...,m,
will be greater than zero, so that /,(¢) will be minimum over S,,
and the scheme will stay at u.,. If there is a failure of the jth
effector, the jth identification model will correspond to the cur-
rent plant dynamics. Using this model, we can, hence, readily
show that ¢; € £2N L>. From Theorems 1 and 2 we know that
the adaptive algorithms (37) assure that all identification errors é;,
i=0,1,2,...,m, will be bounded regardless of the current con-
troller. Furthermore, it is clear that, with any current controller, for
example, u.;, the corresponding identification model assures that
¢, is bounded, which, because x,, is bounded, implies that X; is
bounded as well. Because x = —e; + X;, it follows that x is bounded
as well. The latter also implies that every u.; is bounded, from
where it follows that €; is also bounded. Hence (see Appendix G),
lim, _, », &;(t) =0.Thisimpliesthat, due to the termexp[—A(f — 7)],
lim; _,  I;(t) = 0.Becauseall other models will have forcing terms,
and because all indices have integral terms so that their errors will
accumulate over a time interval, it follows that there exists a time
instant 7; > t5; such that I;(t) = min;{I;(¢)} for > ¢;. Hence, the
scheme will switch to u.;. Based on the results of Theorems 2
and 3, we can now conclude that all signals are bounded, and that
lim, o €; (1) = lim, _, o €, (£) = lim, _, oo [x(t) —x,(1)] =0. O
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Appendix D: Proof of Theorem 5
Proof: Let &, =K —K =diagl¢y1 ¢w2 ... ¢wn]. From
Egs. (12), (13), (48), and (49) we obtain the following error model:
ey = Aép, ¢y = Néo + Bdu,
Because @, is a diagonal matrix, this error model can be rewritten
as

é01 = Aég, é02 = Aéy + BU. ¢,

where U.=diaglu, u, ... U], and  ¢p=I[¢u1 ér2
¢km]T~

‘We now choose
V(@o, dr) = L[el Péy + I T ']

where 'y =diag[y; V%2 --. Yiml- It follows that

V(@eo, ¢) = —1el ey + el PU.¢y + ¢! T}
Based on Proposition 1,
V(@ ¢) < —2aalléol? — o/ T, 'k

Because ¢y is boundedby the choice of adaptivelaws, from assump-
tion 2, there exists a constant ¢; > 0 such that |¢; (t)F;lk(t)l <cp
for all time. Hence,

V(@o, ¢) < —3hnlléoll® + ¢

which implies (see Appendix H) that e, € L. Hence, V is also
bounded. We further integrate the expression (F1) to obtain

V(0) — V(00) z%xm/ IIéo(t)||2dt+/ oI (OT; ' k(t) dt
0 0

Because ¢y is boundedand k € £2, it follows that &, € £>. However,
this does not imply that either &, or x are bounded, and further
analysis is needed.

We next substitute Eq. (50) into Eq. (49) and subtract Eq. (5) to
obtain

€0 = No€no

wheree,, =X, —x,,. Hence, e,,o isbounded and lim, _, ., e,,(¢) = 0.
Because x,, is bounded by the choice of the reference model, we
can conclude that x is bounded as well. This in turn implies that u..
is also bounded. .

These properties imply that e, is bounded, and, because
&, € L2 N L™, it follows that (see Appendix G) lim, _, o, &,(t) =0.
Because lim,_, o e,,(t) =0, the latter condition also implies that
lim, _, ,[x(t) —x, (#)]=0. a

Appendix E: Proof of Theorem 6

Proof: The scheme is started with x;(0)=x(0), i=0,1,
2,...,mandwithu,,. Even thoughthe schemeis started with u.,, it
mightnotstay atu,, if thereis a sudden variationof K (¢) becausein
the transient, some other model may be closer to the new operating
regime. However, even in such a case the system is guaranteed to
switch back eventually to u., as shown hereafter.

If there are no other failures exceptfor loss of effectiveness,using
the results of Theorem 5, we can conclude that ¢y, e,,9, and x are
bounded. To show thatin this case all other signals are also bounded,
we first choose

Vi@, ¢, ¥i) = L[eT Pé, + 02 [y + W T v |

where I'y; =diag[y); ya . Ymil, i =1,2, ..., m.Itsfirst deriva-
tive along the motion of the ith model yields

Vi, ¢, W) < =L lé1? — i [y — W Tk

where the properties of adaptive algorithms with projections were
used (Appendix I), along with Proposition 1. Similarly, as in the

proofs of Theorems 1 and 5, we can show that signals#; are bounded
along with the errors ;. From Theorem 3, it follows thatin the pres-
ence of the loss of effectiveness, all signals are bounded and é(7),
€,,0(1), and [x(¢) —x,, (1)] tend to zero asymptotically. Because all
other models have forcing terms and indices /;(#) have integral
terms, the errors will accumulate over a time interval and the in-
dices I;(1),i =1, 2, ..., m, will be greater than zero. Because &, ()
tends to zero and because all indices have the exponentially decay-
ing term exp[—XA(t — 7)], it follows that lim, _, , I,(t) = 0. Hence,
even if in the transientthe system switched to a differentcontroller,
there exists a time instant #, such that it will switch back to u,, for
t>t.

In the case of simultaneousloss of effectivenessand lock in place
or hard over of the jth effector, we have that

élO = Aéy), é20 = Aoéo + B_fUc% +b;(ue — i)
e = Aéy, € = Noé; + B;U.y; +b;¢;, e = Ay,
ey = Ne; + B;U + by, i=1,2,....m, i#]j

where u; (t) =0 and u; =u.(tr;). Because of the former condi-
tion, from the expression (80) for i = j and assumption 2, we can
conclude thaté_,- € L£* N £>. With any controller,;, the correspond-
ing identification model assures that é,,; is bounded, which, based
on the boundedness of x,,, implies that X;, and, consequently, x
are bounded as well. This implies that every u,; is bounded, from
where it follows that ¢; is also bounded. Hence (see Appendix H),
lim, _, , &;(t) =0.Thisimpliesthat, due to the termexp[—A(f — 7)],
lim, _, o 1;(t) = 0. Because all other models will have forcing terms,
and all indices have integral terms so that their errors will accu-
mulate over a time interval, it follows that there exists a time in-
stant #; > t; such that I;(t) = min;{/;(¢)} for t > ¢;. Hence, the
scheme will switch to u.;. Based on the results of Theorems 2
and 3, we can now conclude that all signals are bounded and that
lim, , o &; (1) = lim, _, « €,,; () = lim, , o [x(?) —x, (H)]1=0. O

Appendix F: Pseudoinverse Control
Algorithm Based on Ref. 16

The control design problemin the case when the number of avail-
able control inputs exceeds the number of outputs can be efficiently
studied within the framework of constrained optimization. The ob-
jectiveis to minimize the total control effort, which can be formally
stated as

minJ = min 2u” Wu
u u

where W =WT > (0. We commonly choose W = diag[w; w,
w,,]7. This criterion is subject to the constraint é = A,,e (where
e=x—x,, A, is asymptotically stable, and x,, is the output of a
reference model x,, = A, x,, + B,,r), for specified x and x,,. Such a
constraintrepresents the desired behaviorof the closed-loop system
and is well suited for the tracking problem consideredin this paper.
In Ref. 16, the preceding criterion was subjectto x = Ax + Bu. We
next consider the following.

Theorem F1: Control law

u=Ww'BT(BW'BT)"'{—Ax + A, x+ B,r} (F1)

minimizes the preceding criterion.
Proof: By the use of the Lagrange multiplier formulation and

é— A,e=Ax+ Bu— A,x — B,r, the problem reduces to

min {%uTWu —AT(Ax+ Bu — A, x — er)}
where A denotes the Lagrange multiplier. Partial derivative with
respectto u yieldsu” W + A" B =0, or

u=W7'BT)

Substituting this expression into Ax + Bu — A,,x — B,,r and
solving for A now yields Eq. (F1), which completes the proof. [J
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Appendix G: Stability Analysis of Adaptive Systems!*
Theorem GI: Let an error model be of the form

é=Age+ By w(t,e), ¢=—w(t,e)BlPe (Gl)

where A, is asymptotically stable, By is known, P is given by
Eq. (36), and w(t, e) is bounded for bounded e and for all time.
Then lim, _, , e(¢) =0.

Proof:  Let the Lyapunov function candidate be of the form

Ve, ¢) = 3le’ Pe+¢"¢]
First derivative of V along the motions of Eq. (G1) yields
Ve, ¢) = —1e" Qe < —1x,lel> <0 (G2)

where A,, denotes the minimum eigenvalue of Q. It follows that
the equilibrium (e =0, ¢ =0) of Eq. (G1) is stable in the sense of
Lyapunov. This implies that e and ¢ are bounded, that is, e € L
and ¢ € L>. Hence, V is bounded as well. On integrating Eq. (G2),
we obtain

V(0) = V() = %)"m/ lle()lI* dr

to

Because the term on the left-handside of this expressionis bounded,
itfollowsthate € £*. FromEq. (G1), we alsoknow thate is bounded,
so that, from the Barbalaat’s lemma (see, for example Ref. 13), it
follows thatlim, _, ., e(¢) =0. O

Appendix H: Extensions of the Lyapunov
Method from Ref. 14
Theorem HI: Let (§, =0, & =0) be an equilibrium of the
system & = fi(§), i =1,2, where § = &7 £7|. If & € £, and if
there exists a tentative Lyapunov function V (§) for the system such
that

V(&) < —ceoll& I + car & 1| + cea

then §1 e L™,
Proof: We first rewrite this expression in the form

V(E) < —ceol & 12 = G 11& | — &]

where ¢; =cg;/czo, i=1,2. From the expression, it follows
that V >0 is possible only for & € S, where S ={& : & | <
[, ++/(¢? +4¢,)]/2}. Because S, is compactand containsthe point
& =0, it follows that &, € L. O

Appendix I: Adaptive Algorithms with Projection

Properties of such adaptive algorithms will be illustrated based
on the example of a simple error model given here:

e=—\e+ pw(t,x)

where A >0, e=x —x,,, X, : R* — R is a smooth bounded func-
tion, w (¢, x) is bounded for bounded x and for all time, ¢ =6 — 6*
denotes the parameter error, 6 is an adjustable parameter, and
0* € [Omin» Omax] 1S constant. The objective is to adjust 8(¢) within
[6min» Omax ] so that lim, _, o, e(t) =0.

Theorem I1: 1f 6(t) is adjusted using the adaptive algorithm
with projection of the form

é = Proj {—J/e(U}» 0(0) € [eminv emax]

[Omin ,6max 1

where the projection operatoris defined as

Proj {—vew}
[Ormin -Omax |
—yew, if O(t) = Onax and ew >0
0, if 0(t) = Onax and ew <0
= { —vew, if 6Oun < 0(f) < O
0, if 6(t) = Opin and ew >0
—yew, if 6() = O and ew <0 (1)

then lim, _, , e(t) =0.
Proof:  Let the tentative Lyapunov function for the system be

Vie,¢) =3+ /) (12)
Its derivative along the motions of the system yields
Ve, ¢) = —ré* +edpw + dpd/y

To assure that V is negative semidefinite, our objective is to show
that in all cases

Pp < —yepw

that is, that ¢ + yedw < 0. We will consider each individual case
further. We note that, because 6* is constant, 6 (¢) = ¢(?). )

Case 1 is 0(f) =6p.x. When ew >0, ¢ =—yew and ¢p¢p=
—yepw. Because ¢ =6 — 0* and 0* € [Onin, Omax], in this case ¢ =
Omax —0* > 0. When ew <0, ¢ =0, and we have ¢¢p + yepw =
yepw <0. )

Case 2 18 Opin < 0(f) < Onax. In this case pp = —yegw.

Case 3 is 0(f) = Onin. For ew <0, ¢ = —yew and ¢p¢p = —yedw.
Because, in this case, ¢ = O, — 6 <0 for ew > 0, we have ¢ =0
and ¢ + yepw =yepw <0.

It follows that the adaptive algorithms with projectionassure that
the condition ¢p¢p < —yedw is satisfied for all values of arguments.
This implies that V (e, ¢)) < —ie? <0. Using the arguments from
Appendix G, we can now readily demonstratethatlim, _, ,, e(t) =0.

Our nextobjectiveis to demonstratethat when the adjustmentlaw
(I1) is used, the overall system will be robust to bounded external
disturbances, time-varying parameters, and parametric uncertainty.
Let the error model be of the form

e=—le+E&(,x)+ow(t,x)+z2

where |£(f,x)| <alx|+ b for all (z,x) denotes a term due to un-
modeled dynamics and/or parametric uncertainty, a, b > 0, and
a<X,0"(t) €[Onin, Omax] for all z,|0*(t)| <cp for all ¢, and
|z(t)| < c, for all ¢ denotes a disturbance. We also let |x,, (£)| < Cyn
for all z.

Theorem12: Adaptive algorithm (I1) assures that e is bounded.

Proof:  Let the tentative Lyapunov function be of the form (12).
Because ¢ =6 — 6%, its first derivative yields

Ve, ) < —ré® + ef + ez — qﬁé*/y

=< _()" - 0)82 + (acxm +b+ Cz)lel + [(gmax - emin)cﬁ]/y
Because A > a, using Appendix H, we can readily show that e is
bounded, which completes the proof. a
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