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Multiple-Model Adaptive Flight Control Scheme
for Accommodation of Actuator Failures

Jovan D. Bo Ïsković¤ and Raman K. Mehra†

Scienti�c Systems Company, Inc., Woburn, Massachusetts 01801

A new parameterization for the modeling of control effector failures in � ight control applications and a stable
adaptive scheme for failure detection, identi� cation, and accommodation is proposed. The failures include lock in
place, hard over, and loss of effectiveness. It is shown that the resulting representation leads naturally to a multiple-
model formulation of the corresponding control problem that can be solved using a multiple-model adaptive
recon� gurable control approach. We derive stable multiple-model adaptive recon� gurable control algorithms for
several cases of increasing complexity, includingthe mostcomplex case, wherein oneof the effectors undergoes lock-
in-place or hard-over failure, and all others lose effectiveness. In all cases, the stability of the overall recon� gurable
control system is demonstrated using multiple Lyapunov functions, extensions of the Lyapunov method, and the
separation between identi� cation and control arising in the context of indirect adaptive control. The approach is
illustrated through numerical simulations of the F/A-18 aircraft during carrier landing.

I. Introduction

F AST and accurate� ight control recon� gurationis of paramount
importance for increasingaircraft survivability in the presence

of severe subsystem failures and structural damage. As advocated
by a number of researchers in the � eld of advanced � ight control
design, including the recent discussion from Ref. 1, adaptive con-
trol appears to be the most viable approach for achieving desired
� ight performance in the presence of large uncertainties, including
abrupt,unknownvariationsarisingdue to severe subsystemfailures.
In addition, important informationfor the overall guidanceand con-
trol system is that regarding the type and time of failure. However,
whereas several adaptive recon� gurable � ight control approaches
have been proposed, for instance, those in Refs. 2–5, among many
others,a detailedanalysisof differentfailureparameterizations,cor-
responding adaptive control designs, and stability, robustness, and
performance of the overall closed-loop recon� gurable control sys-
tem is lacking in the existing literature. On the other hand, an ap-
proach for which some robustness properties can be determined is
that from Refs. 6–8, based on neural network compensationof fail-
ures. This approach can not guarantee that the tracking error will
tend to zero asymptoticallyand, in addition, is of the direct adaptive
control type, hence failing to provide any informationregarding the
failure.

In this paper, we proposea new parameterizationfor a large class
of failures encountered in � ight control applications and develop
stable multiple-model adaptive recon� gurable control algorithms
to accommodate for the variation in aircraft dynamics due to such
failures. It will be shown that the corresponding adaptive control
algorithms are well suited to compensate for the effect of multi-
ple simultaneous failures, even while maintaining the stability and
robustness of the system.

Our focus is on different types of failures of control effectors,
including the lock-in-place failure when the effector freezes in a
certain position and does not respond to subsequent commands.
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As shown in Ref. 9, for an aircraft controlled by a full-state feed-
back controller, such a failure introduces both constant and state-
dependent disturbances into the overall closed-loop system, and
controlrecon� gurationis necessaryformaintainingthe stabilityand
robustnessof the system. As also shown in Ref. 10, adaptivecontrol
using a single model may not be adequate for achieving this task in
the presenceof failures of critical control effectors.This is because,
in a particular � ight regime, aircraft dynamics immediately after
the failure may be very far from its nominal (no-failure) dynamics.
Hence, a single-model-based adaptive controller may be too slow
to bring the closed-loop system close to the new operating regime,
which may result in unacceptably large transients. For this reason,
in Ref. 10, a multiple-model-basedrecon� gurable control strategy
was proposed.The correspondingcontroller is based on the control
effector redundancy encountered in modern overactuated aircraft,
and the concept of multiple models, switching and tuning (MMST)
from Ref. 11 (Fig. 1).

The MMST concept is fairly general and is well suited for the
case of plants with rapidly varying dynamics. If the plant dynamics
in differentoperatingregimesare describedby differentmodels, the
MMST concept is implemented by using the outputs of the parallel
estimators(identi� cationmodels) O1, O2; : : : ; ON to � nd the model
closest in some sense to the current plant dynamicsand switch to the
corresponding controller. In the context of recon� gurable control,
each model in Fig. 1 representsa differentfailure scenario.Although
the system is initiated with the controller for the no-failure case,
in the case of failure, the objective is to design a suitable control
recon� guration algorithm to assure that the scheme switches to the
controller correspondingto the model closest, in some sense, to the
dynamics of the failed plant. The need for MMST in plants with
rapidly switching dynamics can be summarized using Fig. 2.

As shownin Fig. 2, failuremay causetheplantdynamicsto switch
abruptly from some nominal point P0 in the parametric space, to the
point P corresponding to the failed plant. The top part of Fig. 2
illustrates the case when adaptation using a single model may be
too slow to identify the new operating regime and recon� gure the
controller. In such a case, placing several models in the paramet-
ric set, switching to the model close to the dynamics of the failed
plant, and adapting from there can result in fast and accurate control
recon� guration.

This problem was studied in detail in Ref. 10, where both single
and multiple adaptivecontrollerswere used to achieve� ight control
recon� guration in the presence of lock-in-place failure of a critical
control effector. It was shown that, whereas a single-model-based
adaptive controller yields unacceptable transients, a recon�gurable
controller based on the MMST concept results in fast and accurate
control recon� guration. However, the overall scheme is well suited
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Fig. 1 Structure of the MMST controller.

Fig. 2 Single-model vs multiple-model adaptation.

only for the lock-in-place type of control effector failures. In this
paper, we extend the results from Ref. 12 and propose a recon�g-
urable control scheme that covers the case of a large number of
control effector failures. The method is well suited for the case of a
large number of failures and results in the number of models equal
to the number of control effectors, plus an additionalmodel for the
no-failure case.

Our approach is based on the failure modeling, MMST concept,
adaptiverecon� gurablecontroldesign,multiple tentativeLyapunov
functions, and extensions of the Lyapunov method. In Sec. II we
state the recon� gurable control problem. New failure parameteri-
zation and the correspondingidenti� cation models are presented in
Sec. III. Multiple-model adaptive control and correspondingproofs
of stability for the cases without and with loss of effectiveness are
given, respectively, in Secs. IV and V. Section VI contains exten-
sions of the method. Section VII provides simulation results, and
the conclusionsare given in Sec. VIII, followed by AppendicesA–I.

II. Problem Statement
In this paper we will consider the following linearized aircraft

model:

Pxp D A pxp C Bpu (1)

where xp 2 Rn and u 2 Rm denote, respectively,the state and control
input vectors; A p is an (n £ n) matrix; and Bp is an (n £ m) matrix.
We note that the matrices Ap and Bp are commonly gain scheduled
with the � ight condition and are generally state dependent.

Typical linearized aircraft models can be parameterized in the
following form:

Px1 D NAx2 (2)

Px2 D Ax C Bu (3)

where x D [xT
1 xT

2 ]T , x1 is an (n ¡ p) vector, x2 is a p vector, B is a
(p £ m)matrix,andmatrices NA and A areofappropriatedimensions.
The idea behind this parameterization is to decompose the model

into a subsystem not directly affected by u, such that the relative
degree between x1 and u is equal to two, that is, the x1 subsystem,
and a subsystemwhere the relativedegree is equal to one, that is, the
x2 subsystem.Also note that NA is just a matrix of simple integrators.
Such a parameterization arises from the � ight control applications
where linearized aircraft models already take this form. We also
note that the elements of x and u are perturbed variables, that is,
deviations from a trim condition.

Relative degree-two perturbed variables in typical linearized air-
craft models include pitch angle µ , altitude h, bank angle Á, and
yaw angle Ã , whereas relative degree-one perturbed variables are
forward velocity V , pitch rate q, angle of attack ®, sideslip angle ¯ ,
roll rate p, and yaw rate r .

We will also make the following assumption:
Assumption 1.
1) The state x.t/ of the system is available at every instant.
2) The number of actuators exceeds the dimension of x2, that is,

m > p.
3) Rank .BBT / D p.
Assumption 1, part 1, is satis� ed in the case of modern aircraft

equipped with a large number of sensors and navigation � lters, As-
sumption 1, part 3, is satis� ed in a large number of � ight regimes,
and Assumption 1, part 2, corresponds to the case encountered in
modern aircraft, where the number of control effectors exceeds the
number of variables that can be directly affected by the controls.

In this paper, we will consider the case when the objective is to
design a controller such that x1 and x2 follow the outputs of the
following reference model:

Px1m D NAx2m (4)

Px2m D Amxm C Bmr (5)

where xm D [xT
1m xT

2m]T , x1m is an (n ¡ p) vector, x2m is a k vector,
Am is asymptoticallystable (p £ p) matrix, Bm is a (p £ p) matrix,
and r denotes a p vector of bounded reference inputs such that
Pr 2 L1 . Furthermore, the matrix Am is such that

30 D
µ

0.n ¡ k/ £ k
NA

Am

¶

is asymptotically stable.
Based on Assumptions 1, the state vector is measurable, BBT is

full rank, and there is an excess of control inputs with respect to
the controlledoutputs.Hence, the control objective in the ideal case
that is, the case without control effector failures, can be achieved
using the following control law:

u D W¡1 BT .BW¡1 BT /¡1f¡Ax C 3.x ¡ xm/ C Am xm C Bmrg
(6)

where 3 is such that the matrix 30 D [ NAT 3T ]T is asymptotically
stable. This control law is based on the pseudoinverse control al-
gorithm from Appendix A and is also referred to as the inverse
dynamics control law (IDCL).

Let e1 D x1 ¡ x1m and e2 D x2 ¡ x2m denote the output error vec-
tors, and e D [eT

1 eT
2 ]T . From Eqs. (2–6), we obtain the following

error model:
Pe D 30e (7)

This systemis exponentiallystablebecause30 is asymptoticallysta-
ble. Hence, the control law (6) achieves the objective, that is, forces
x1.t/ and x2.t/ to follow, respectively, x1m .t/ and x2m.t/ asympto-
tically in the case without failures.

However, it was shownin Ref. 9 that sucha controllaw, in general,
cannotstabilizetheclosed-loopsystemin thecaseofcontroleffector
lock in place and that control recon� gurationis necessary to achieve
the objective.Hence, we consider the following control objective.

The control objective begins with the design of a control law
u.t/ for the plant (2) and (3) such that all signals in the system are
bounded and, in addition,

lim
t ! 1

[x1.t/ ¡ x1m.t/] D lim
t ! 1

[x2.t/ ¡ x2m .t/] D 0 (8)

in the presence of different types of control effector failures.
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To solve this problem, we will � rst consider the parameteriza-
tion of different control effector failures. Our objective is to derive
suitableparameterizationand correspondingrecon� gurable control
algorithmsto achieve the control objective in the presenceof a large
class of failures. This is discussed next.

III. Parameterization of Control Effector Failures
Common control effector failures include 1) freezing or lock in

place, 2) hard over, and 3) loss of effectiveness.In the case of freez-
ing, theeffectorgetslockedin a certainpositionanddoesnotrespond
to subsequent commands; hard over is a special case of freezing
when the effector locks at its position saturation limit. These two
types of failures are particularly severe in the case of critical con-
trol effectors because, in the case of a full-state feedback baseline
controller, they generate both constant and state-dependent distur-
bances in the overall closed-loop system. As shown in Ref. 9, the
lack of compensation for such disturbances may lead to substan-
tial performancedeterioration,instabilityof the overall system, and
loss of the aircraft. The case of loss of effectiveness corresponds to
a slow or sudden decrease in the control effector gain so that the
same control signal results in a smaller de� ection of the effector as
compared to that achieved in the case with no failure.

Our objective is to develop a failure parameterizationmodel that
includes all of the preceding cases.

Let us, for simplicity, assume that the transfer functions of the
actuators is equal to one, and let

Qu D Bu D BKuc D [b1k1uc1 b2k2uc2 ¢ ¢ ¢ bmkm ucm ] (9)

where uc denotes the vector of signals generated by the controller,
K D diag[k1 k2 ¢ ¢ ¢ km ] and b j denotes the j th column of B . This
relationship is represented graphically in Fig. 3.

It is clear that in the case with no failures, ki D 1, and u i D uci ,
i D1; 2; : : : ; m.

In this paper, we propose the following parameterization of dif-
ferent types of control effector failures, speci� cally, the no-failure
case, the loss of effectiveness, the lock-in-place failure, and, the
hard-over failure, respectively:

u i .t/ D

8
>><

>>:

uci .t/; ki .t/ D 1; for all t ¸ t0

ki .t/uci .t/; 0 < ²i · ki .t/ < 1; for all t ¸ tF i

uci .tFi /; ki .t/ D 0; for all t ¸ tF i

.u i /min or .ui /max; ki .t/ D 0 for all t ¸ tF i

where tF i denotes the time instant of failure of the i th effector, ki

denotes its effectivenesscoef� cient such that ki 2 [²i ; 1], and ²i > 0
denotes its minimum effectiveness.

Comments:
1) The precedingparameterizationis given in terms of the signals

u i .t/ and (possibly) time-varyinggainski .t/. As we will show in the
following sections, such a parameterization enables us to estimate
u i and ki separately.

2) The preceding parameterizationcovers several different cases
of control effector failures. In the case of loss of effectiveness, we
assumed that the effector effectiveness cannot be less than some
minimum effectiveness ²i > 0. Otherwise, in the case when the ef-
fectiveness of all effectors is zero, the aircraft becomes uncontrol-
lable and inevitablycrashes. In this paper, we will consider the case
when all effectors can lose effectivenessup to ²i > 0 and show that
with our adaptive recon� gurable controller, the overall system will

Fig. 3 Relationship between uc and u.

still be stable and the control objective will be achieved. Also, we
will show that our approach is well suited for the case when one
of the effectors fails (lock in place or hard over), whereas all other
effectors loose effectiveness.

3)As will be shown in the followingsection,an importantelement
in our design is that, in the case of lock-in-place and hard-over
failures, Pui .t/ D 0; 8t ¸ tFi .

We will now show that the precedingparameterizationleads nat-
urally to a multiple-model formulation of the correspondingrecon-
� gurable control problem.

Using expression (9), we � rst rewrite the plant equation (2) and
(3) in the form

Px1 D NAx2 (10)

Px2 D Ax C b1k1uc1 C b2k2uc2 C ¢ ¢ ¢ C bm km ucm (11)

This is the model of the plant in the case with no failures and can
be expressed in a compact form as

Px1 D NAx2 (12)

Px2 D Ax C BKuc (13)

where K D diag[k1 k2 ¢ ¢ ¢ km].
Using the preceding parameterization of ui , we next focus on

the case of failures of control effectors. It is seen that each case of
failure can be modeled by a different model, resulting in the total of
m equations of the form

Px1i D NAx2i (14)

Px2i D Ax C NBi K uc C bi Nui ; i D 1; 2; : : : ; m (15)

where Nu i canassumethe followingvalues:1) uci .tFi / (lock in place),
or 2) .u i /min or .ui /max (hard over). Matrices NBi from the preceding
expression are of the form

NB1 D [0 b2 b3 : : : bm ¡ 1 bm]
NB2 D [b1 0 b3 : : : bm ¡ 1 bm]

:::
:::

NBm ¡ 1 D [b1 b2 b3 : : : 0 bm ]
NBm D [b1 b2 b3 : : : bm ¡ 1 0]

where 0 is an m vectorwith zero elements. It is seen that each failure
is modeled by removing the correspondingcolumn of matrix B and
adding the term bi Nui .

The corresponding identi� cation models can be chosen in the
following form:

POx10 D NA Ox20 (16)

POx20 D 3Oe0 C Ax C B OK0uc (17)

POx1i D NA Ox2i (18)

POx2i D 3Oei C Ax C NBi
OK i uc C bi Ou i ; i D 1; 2; : : : ; m (19)

where Oei D Oxi ¡ x; i D 0; 1; 2; : : : ; m; Oei D [OeT
1i OeT

2i ]
T ; Oxi D

[OxT
1i OxT

2i ]
T ; and OK i and Ou i denote, respectively, the estimates of K

and ui . In the preceding equations, subscript 0 corresponds to the
no-failure case, and 3 is chosen such that the matrix

30 D
µ

0.n ¡ k/ £ k
NA

3

¶
(20)

is asymptotically stable.
Comment: One of the � rst questionsthat arise after studyingthe

precedingidenti� cationmodels is as to whether it would be possible
to estimate all of the failures using a single identi� cation model.
However, there are several problems with such an approach, even
in the case when K D Im £ m . Because we do not know in advance
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which effector will fail and when, and because the signals ui are, in
general, time varying,such an approachwould lead to simultaneous
identi� cation of m time-varying signals. Hence, even in the case
with no failures, we can not guarantee that the identi� cation error
will tend to zero. Another possibility is to use only two models: one
for the no-failure case and the other one for estimating the failure.
However, the problem again reduces to that of estimating m time-
varyingsignals online.Even if one or more effectorsfail in the sense
that Pu i .t/ D 0 for all t ¸ tFi , the remaining effectors will generate
forcing terms due to the derivatives Pu j .t/, so that the most that
we can show is that the resulting identi� cation error is bounded,
but not that it tends to zero asymptotically. As we will show in
the following sections, the approach based on m C 1 identi� cation
models removes these disadvantages.

Our objective is to design control algorithms corresponding to
the preceding identi� cation models and devise a suitable strategy
for switching among such controllers so that the control objective
is met in the presence of the failures just discussed. The baseline
control strategy is discussed in the following section.

IV. Baseline Recon� gurable Controller
To derive the recon�gurable control laws for the precedingcases,

we � rst rewrite the baseline control law (6) in the form

uc D W ¡1 BT .BW ¡1 BT /¡1´ (21)

where

´ D ¡Ax C 3.x ¡ xm / C Amxm C Bmr (22)

Based on the preceding failure models and the approach from
Ref. 9, we design m C 1 controllers of the form

uci D K ¡1W ¡1 BT .BW¡1 BT /¡12i [´ ¡ bi Nui ]

i D 0; 1; 2; : : : ; m (23)

where 2i 2 Rk £ k . It is clear that, in the case with no failures,
K D Im £ m , 20 D Ik £ k , and Nu0 D 0. In the case of failures,

2i D BW ¡1 BT
£

NBi W
¡1 NBT

i

¤¡1
; i D 1; 2; : : : ; m (24)

As shown in Ref. 9, such controllers achieve the objective in the
presence of control effector freezing. We will extend this approach
to the case of other unknown failures as well (hard over and loss of
effectiveness).

The preceding controllers are designed for the ideal case, that is,
assuming that the type of failure, that is, the value of Nui , and the
loss-of-effectivenesscoef� cients, that is, the matrix K , are known.
The correspondingmultiple recon� gurable adaptive controllers are
based on online estimation of K i and Nui and are of the form

uci D OK ¡1
i W ¡1 BT .BW ¡1 BT /¡1[2i .´ ¡ bi Oui /]

i D 0; 1; 2; : : : ; m (25)

Our next objective is to devise a suitable strategy for switching
among these controllers so that the control objective is achieved in
the presence of the failures just discussed.

V. Multiple-Model Adaptive Controller
The design of a recon� gurable control strategy that is based on

switching among the given controllers, and that results in a stable
overallsystem, is a complex task.Hence, we will divideour analysis
into three parts: 1) In the � rst part, we will consider the case without
loss of effectiveness covering the cases of lock-in-place and hard-
over failures. 2) In the second part, we will consider the loss of
effectiveness type of failure only. 3) In the third part, we will design
an adaptive recon�gurable controller for the case when one of the
effectorsundergoesa lock-in-placeor hard-overfailureand all other
effectors loose effectiveness.

A. Case Without Loss of Effectiveness
We will start our analysis with the case when the effectors can

undergo only lock-in-place or hard-over failures. In such a case,
K D Im £ m . Based on Eqs. (16–19) with OK i D Im £ m , we next build
m C 1 identi� cationmodels for this case.The modelsare of the form

POx10 D NA Ox20 (26)

POx20 D 3Oe0 C Ax C Buc (27)

POx1i D NA Ox2i (28)

POx2i D 3Oei C Ax C NBi uc C bi Oui ; i D 1; 2; : : : ; m (29)

The corresponding controllers are based on Eq. (25) in the case
when OK i D Im £ m and are of the form

uci D W ¡1 BT .BW ¡1 BT /¡12i [´ ¡ bi Oui ]

i D 0; 1; 2; : : : ; m (30)

where 20 D Ik £ k , remaining matrices 2i are de� ned in Eq. (24), Oui

denote the estimates of Nui , and Ou0 ´ 0.
To devise a suitable strategy for switching among these con-

trollers, we will � rst consider the case when the system has the
information about the failure. Although this is not a realistic as-
sumption, it serves as a basis for the adaptive recon� gurable control
design in the case when this information is not available.

1. Case of Known Failure
We � rst substitute the controllers (30) into the corresponding

identi� cation models (26–29) to obtain

POemi D 30 Oemi ; i D 0; 1; 2; : : : ; m (31)

where Oemi D Oxi ¡ xm . Because30 is asymptoticallystable, the given
systems are exponentially stable, which implies that, for every i ,
limt ! 1 Oemi .t/ D 0. The fact that with the i th controller the i th ob-
server behaves asymptotically as the reference model will be used
in our adaptive control design.

We next consider the two possible cases: 1) case with no failure
and 2) case when there is a failure of the j th effector at instant tF j

(lock in place or hard over) and this information is available to the
controller. Because the information about the failure is available,
we will use uco in case 1 and ucj in case 2.

a. Case 1 (no failure): From Eqs. (26), (27), (12), and (13),
for the case when there is no loss of effectiveness, that is, when
K D Im £ m , we have

POe0 D 30 Oe0 (32)

Because in this case uco is used, from Eq. (31) we also have

POem0 D 30 Oem0 (33)

From Eqs. (28), (29), (14), and (15) for K D Im £ m , we now have

POe1i D NAOe2i (34)

POe2i D 3Oei C bi Ái ; i D 1; 2; : : : ; m (35)

where Ái D Oui ¡ u i . We note that the signals u i are, in general, not
measurable. Hence, both ui and Pu i will be assumed unknown.

Let P denote a symmetric positive-de�nite solution of the
Lyapunov matrix equation

3T
0 P C P30 D ¡Q (36)

where Q D QT > 0. We next consider the following theorem.
Theorem 1: If there are no control effector failures, if the con-

troller uco is used for all time, and if the estimates Ou i are adjusted
using the following adaptive algorithms,

POui D Proj
[.u i /min ;.ui /max ]

©
¡°i OeT

i Pbi

ª

Ou i .0/ 2 [.ui /min; .ui /max]; i D 1; 2; : : : ; m (37)



716 BO ÏSKOVIĆ AND MEHRA

where °i > 0 denote adaptivegains, then 1) all signals in the system
are bounded and 2) limt ! 1[x.t/ ¡ xm .t/] D 0.

Proof: The proof is given in Appendix A.
b. Case 2 (failure of the j th effector): In this case the plant

equation is of the form

Px1 D NAx2 (38)

Px2 D Ax C b1uc1 C b2uc2 C ¢ ¢ ¢ C b j Nuc j C ¢ ¢ ¢ C bmucm (39)

where Nucj D ucj .tF j / is a constant. From the preceding equations
and Eqs. (26) and (27), we have

POe10 D NAOe20 (40)

POe20 D 30 Oe0 C b j .ucj ¡ Nucj / (41)

Furthermore, from Eqs. (38), (39), (28), and (29), we have

POe1 j D NAOe2 j (42)

POe2 j D 30 Oe j C b j Á j (43)

Because, in this case, u j is used, from Eq. (31) we have

POem j D 30 Oem j (44)

We now focus on the remaining m ¡ 1 identi� cation models. From
Eqs. (28) and (29) and Eqs. (38) and (39), we now have

POe1i D NAOe2i (45)

POe2i D 3Oei C bi Ái ; i D 1; 2; : : : ; m; i 6D j (46)

We also consider the following theorem.
Theorem 2: If there is a failure of the j th control effector, if

the controller ucj .t/ is used for all t ¸ tF j , and if the estimates Oui

are adjusted using the adaptive algorithms (37), then 1) all sig-
nals in the system are bounded, 2) limt ! 1[x.t/ ¡ xm .t/] D 0, 3)
limt ! 1 Á j .t/ D 0.

Proof: The proof is given in Appendix B.
Based on Theorems 1 and 2, we next consider Theorem 3.
Theorem3: If the systemstays at uco in thecasewithoutfailures,

or is switched at t D tF j to the controller ucj in the case of known
failure, adaptive algorithms (37) assure that all signals are bounded
and, in addition, limt ! 1[x.t/ ¡ xm.t/] D 0.

Proof: The prooffollowsdirectlyfrom the proofsof Theorems1
and 2, Appendices A and B. ¤

Thus far we have assumed that the time instantand type of failure
are known. It is seen that, when the current controller is uco in
the no-failure case, or ucj in the case of lock-in-placeor hard-over
failure, the overall system will be stable, and the control objective
will be met. We will use this analysis as a basis for our switching
recon� gurable control strategy. This is discussed in the following
section.

2. Multiple-Model Adaptive Controller
In this section, we will extend the earlier results to the case of

unknown failure. This problemwill be solved using multiple-model
adaptive control.

a. Overall controller: The overall controller consists of the
identi� cationmodels (26–29), referencemodel (4) and (5), and con-
trollers (30), where the estimates Oui are adjustedusing Eq. (37). The
objective is to devise a suitable strategy for switching among these
controllers to achieve the control objective in the presence of lock-
in-place and hard-over types of control effector failures.

b. Switching scheme: The switching scheme used in this pa-
per is similar to that from Ref. 11 and is based on the following
performance indices:

I j .t/ D c1kOe j .t/k2 C
c2

c3t C 1

Z t

t0

kOe j .¿ /k2 d¿

j D 0; 1; 2; : : : ; m (47)

where Oe j D Ox j ¡ x and ci > 0, i D 1; 2; 3. The scheme is started with
uco and is implementedby calculatingand comparing the preceding
indices every ts instants and � nding their minimum. The scheme
switches to (or stays at) the correspondingcontroller.

We will next prove that such a strategy results in a stable overall
system in which the control objective is accomplished.

Theorem 4: The preceding switching scheme assures the
boundedness of all signals in the system (12) and (13) (with
K D Im £m/, (26–29), (4), (5), (30), and (37), and guarantees that
limt ! 1[x.t/ ¡ xm .t/] D 0.

Proof: The proof is given in Appendix C.
Comments:
1) Estimates Ou i can be thought of as failure indicators. In the

case of lock-in-place or hard-over failure of the j th effector, the
derivative of ucj will be zero and we will have ucj .t/ D Nu j for
all t ¸ tF j . Because a constant is suf� ciently persistently exciting
in one-dimensionalparameter space, that each identi� cation model
contains only one adjustable parameter results in convergence of
the error Ou j .t/ ¡ u j to zero. Hence, besides achieving the control
objective in the presenceof unknown failures, accurate and ef� cient
failure detection and identi� cation (FDI) is also achieved.

2) All proofs are based on the separation between identi� cation
and control arising in the context of indirect adaptive control. As
discussedextensivelyby severalauthorsin the 1970sand1980s(see,
for example, Ref. 13), the certainty-equivalenceprinciple is based
on generating the plant parameter estimates by a suitably chosen
identi� cation model and using these estimates in the control law at
every instant. Such a strategy was shown to enable the design of
an identi� cation model that is (to a large extent) independentof the
control law. In particular, in the case of continuous-time systems,
as long as the control input and state are bounded, the properties of
the identi� cation model (boundednessof the signals and asymptotic
convergenceof the identi� cation and parameter errors to zero) can
be established independentlyof the nature of the control law.

3)The separationbetweenidenti� cationand controlin thecontext
ofmultiple identi� cationmodels enabledus to use multipletentative
Lyapunov functions and establish separately the properties of each
identi� cation model.

4) The analysis of both open-loop and closed-loop behavior of
each observer using multiple tentative Lyapunov functions enabled
us to demonstrate the following: a) With the adaptive laws (37),
all identi� cation errors will be bounded, regardless of the current
controller.This can be shown by the recon� gurable control problem
being formulated as that of indirect adaptive control in the presence
of time-varying parameters, where their estimates are bounded by
the choice of adaptive algorithms. b) If at least one of the models
coincides with the current plant dynamics, say the lth model, then
Oel 2 L2 \ L1 , which holds independently of the current controller.
c)The closed-loopdynamicsof the identi� cationmodelcorrespond-
ing to the currentcontrollerwill asymptoticallyapproach that of the
reference model, which, after some analysis, implies that x and uci

are bounded. d) Conditions b and c imply that Oel .t/ will tend to
zero asymptotically. e) After some analysis, we can also show that
the error eml.t/ D Oxml.t/ ¡ x.t/ will also tend to zero asymptotically.
f ) Conditions d and e imply that the tracking objective is achieved,
that is, that limt ! 1[x.t/ ¡ xm.t/] D 0.

5) From condition d of comment 4, it follows that, even with a
wrong controller, limt ! 1 Oel .t/ D 0. Because all other identi� cation
models will have forcing terms, their performance indices will be
nonzero. Because of the term c2=.c3t C 1/ and because Oel.t/ tends
to zero, we can conclude that limt ! 1 Il .t/ D 0. Hence, as shown
in the preceding theorem, the scheme is guaranteed to switch to the
right controller.

B. Loss of Effectiveness Type of Failure
In this section, we will assume that all effectors can undergo loss

of effectiveness and that there are no other failures.
We � rst consider the following assumption.
Assumption 2: We assume that Pki 2 L2 \ L1 and Rki 2 L1 for

all i D 1; 2; : : : ; m.
We are essentially assuming that the loss of effectiveness can

occur either as a slow or abrupt variationof ki .t/ and that each ki .t/
eventually settles at the new value.
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In this case, the identi� cation model is of the form

POx10 D NA Ox20 (48)

POx20 D 3Ox0 C Ax C B OKuc (49)

where the elements of the diagonal matrix OK are estimates Oki of ki ,
i D 1; 2; : : : ; m.

In this case, uc D uco , so that

uc D OK ¡1W ¡1 BT .BW ¡1 BT /¡1´ (50)

where ´ is de� ned in Eq. (22).
Let NP D P[0 BT ]T , where P is de� ned in Eq. (36). Adaptive

algorithms are chosen in the form

POk i D Proj
[²i ;1]

©
¡°ki OeT

0 Npi uci

ª
; Oki .0/ 2 [²i ; 0] (51)

where °ki > 0 and Npi denotes the i th column of NP .
We next consider the following proposition.
Proposition 1: Adaptive algorithms (51) assure that

ÁT
k 0¡1

k
PÁk · ¡ÁT

k Uc
NP T Oe0 ¡ ÁT

k 0¡1
k

Pk (52)

Proof: After premultiplying the expressions from Eq. (51) for
every i with thecorresponding Oki=°ki , and adding the resultingequa-
tions, we obtain

OkT 0¡1
k

POk D
mX

i D 1

Proj
[²i ;1]

©
¡Oki OeT

0 Npi uci

ª
(53)

Using the properties of the adaptive algorithms with projection,we
then have

OkT 0¡1
k

POk · ¡OkT Uc
NPT Oe0 (54)

Because PÁki D POki ¡ Pki , Eq. (52) holds. ¤
We next consider the following theorem.
Theorem 5: Adaptive algorithms (51) assure that all signals in

the system (12), (13), (48), (49), (50), and (22) are bounded and
that, in addition, limt ! 1[x.t/ ¡ xm.t/] D 0.

Proof: The proof is given in Appendix D.
Comment: In this case, a single identi� cation model was used.

Multiple-model control design in the case of simultaneous failures
and loss of effectiveness is discussed in the following section.

C. Integrated Adaptive Recon� gurable Controller
In this section, we will present the integrated multiple-model

adaptive recon� gurable controller that achieves the objective in the
presence of simultaneousloss of effectivenessand freezingor hard-
over failures.

In this case, the identi� cation models are of the form

POx10 D NA Ox20 (55)

POx20 D 3Oe0 C Ax C B OK0uc (56)

POx1i D NA Ox2i (57)

POx2i D 3Oei C Ax C NBi
OKi uc C bi Oui ; i D 1; 2; : : : ; m (58)

The correspondingcontrollers are of the form

uci D OK ¡1
i W¡1 BT .BW¡1 BT /¡12i [´ ¡ bi Oui ]

i D 0; 1; 2; : : : ; m (59)

where 20 D Ik £ k; Ou0 D 0, and matrices 2i are given by Eq. (24).
After substituting each uci from Eq. (59) into the corresponding

model (56) and (58) and subtracting Eq. (5), we obtain

POemi D 30 Oemi ; i D 0; 1; 2; : : : ; m (60)

where Oemi D Oxi ¡ xm .
The error model is obtained by subtracting Eqs. (12) and (13)

from Eqs. (55–58):

POe01 D NAOe02 (61)

POe02 D 3Oe0 C BUcÃ0 (62)

POei1 D NAOei2 (63)

POei2 D 30 Oei C NBi UcÃi ; C bi Ái ; i D 1; 2; : : : ; m (64)

where Uc D diag[uc1 uc2 : : : ucm ] and Ãi D [Ã1i Ã2i : : : Ãmi ]T

i D 0; 1; 2, : : : ; m , and Ãi j D Oki j ¡ ki , i D 1; 2; : : : ; m; and j D 0, 1,
2, : : : ; m.

The adaptive laws are of the form

POui D Proj
[.u i /min ;.ui /max ]

©
¡°i OeT

i Pbi

ª

Ou i .0/ 2 [.ui /min; .ui /max]; i D 1; 2; : : : ; m (65)

POk i j D Proj
[²i ;1]

©
¡°i j OeT

i Npi uci

ª
; Oki j .0/ 2 [²i ; 0]

i D 1; 2; : : : ; m; j D 0; 1; 2; : : : ; m (66)

The switchingscheme is as follows.As in the earlier case, switch-
ing among the controllers is based on the performance indices (47).
The scheme is started with uco and is implemented by calculating
and comparing the preceding indices every ts instants and � nding
their minimum. Once the minimum is found, the scheme switches
to (or stays at) the correspondingcontroller.

Theorem 6: The preceding switching scheme assures the sta-
bility of the system (61–64), (65), and (66), and guarantees that
limt ! 1[x.t/ ¡ xm .t/] D0.

Proof: The proof is given in Appendix E.
Comments:
1) Note that the same approachsuggestedfor the case without the

loss of effectiveness carries over to the most complex case as well,
and that the proofs related to simpler cases can be effectively used
in the proofs of stability in this case.

2) In the case with no loss of effectiveness, the proposed scheme
guarantees that the estimate of the failed effector, that is, Oui .t/, will
converge to its true value. However, the scheme does not guarantee
that the other estimates will also convergeto their true values even if
uc.t/ converges to a constant vector. This is because each observer
assumes that the no-failure case is the nominal regime, whereas im-
mediately following a failure of the i th effector, the new nominal
regime is the failure mode of the i th effector. Hence, the scheme
cannot handle subsequent failures, which can cause signi� cant per-
formance deteriorationand even instability of the system. For these
reasons, in this paper, we propose a supervisory FDI-adaptive re-
con� gurable controller (FDI-ARC) scheme. This is discussed in the
following section.

VI. Supervisory FDI-ARC Scheme
The design of the supervisory FDI-ARC scheme is based on the

observation that, even when the failure is accurately identi� ed, the
remainingestimates do not, in general,convergeto their true values.
We also note that the described FDI-ARC scheme generates the
informationabout theobserverclosest to thecurrentplantdynamics,
for instance, the i th observer, and about the correspondingestimate
Ou i . To assure that all of the estimates will converge to their true
values, in this paper we propose a supervisory FDI scheme shown
in Fig. 4.

The FDI subsystempasses on the informationabout the observer
closest to the current plant dynamics and the corresponding pa-
rameter estimate to the parameter estimation subsystem; based on
that information and under the assumption that the control input
eventually converges to a constant value, the parameter estimation
subsystem estimates accurately the remaining parameters. In addi-
tion, in the case of failure of the i th effector, and based on accurate
estimates of all parameters, the decision-making subsystem uses
this information online to reset all FDI observers to the new nom-
inal regime, that is, the regime established immediately following
the failure.

In this case, the parameter estimation subsystem consists of an
additional set of observers that generate estimates Â j of x. These
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observers are initiated with Â.t0/ D x.t0/ and only if there exists
an i > 0 such that Ii .t0/ D minfI0.t0/; I1.t0/; : : : ; Im.t0/g (we recall
that i D 0 corresponds to the no-failure case). The observers are of
the form

POÂ 1 j D NA OÂ2 j (67)

POÂ 2 j D 3. OÂ j ¡ x/ C Ax C NB j uc C b j µ j C bi . Oui ¡ uci /

j D 1; 2; : : : ; m; j 6D i (68)

where

Pµ j D Proj
[.u j /min ;.u j /max ]

©
¡° j . OÂ j ¡ x/T Pb j

ª

µ j .0/ 2 [.u j /min; .u j /max]; j D 1; 2; : : : ; m; j 6D i (69)

Note that, in the case of failure of the i th effector, we will have

Px1 D NAx2 (70)

Px2 D Ax C NBi uc C bi Nu i (71)

POÂ 1 j D NA OÂ2 j (72)

POÂ 2 j D 3. OÂ j ¡ x/ C Ax C NBi uc C bi Oui C b j .µ j ¡ ucj /

j D 1; 2; : : : ; m; j 6D i (73)

Hence, each of the precedingobservers(except for the i th observer),
will contain the estimate of Nui (which comes from the FDI subsys-
tem); the j th observer also contains its own estimate of u j . j 6D i/.
If uc.t/ converges to a constant vector, because Ou i .t/ tends asymp-

Fig. 4 Structure of the proposed supervisory FDI-ARC system (©
1999–2002 Scienti� c Systems Co., Inc.).

Fig. 5 State response of the F/A-18C and D aircraft with the baseline controller: case with no failures or disturbances.

totically to Nui , we can readily show that all estimates µ j will tend
asymptotically to their true values. These observationsare summa-
rized in the following theorem:

Theorem 7: Let µ D [µ1 µ2 : : : µi ¡ 1 µi C 1 : : : µm ]T . As-
sume that the i th effector has failed and that limt ! 1 uc.t/ D Nuc .
Then the supervisory FDI-ARC scheme guarantees that 1)
limt !1 µ .t/ D Nuc and 2) any lock-in-placeor hard-over failure that
occurs after some time interval ¿1 will be effectively detected and
accommodated.

Proof: If the i th effectorhas failed, theFDI subsystemdescribed
in the preceding section assures that limt ! 1 Ái .t/ D 0 and that
the scheme switches to uci . This information activates the param-
eter estimation subsystem. Let ²1 j D OÂ1 j ¡ x1; ²2 j D OÂ2 j ¡ x2 , and
² j D [²T

1 j ²T
2 j ]

T . Using Eqs. (70–73), we obtain the following error
model:

P²1 j D NA²2 j (74)

P²2 j D 3² j C bi Ái C b j Ã j ; j D 1; 2; : : : ; m; j 6D i (75)

where Ã j D µ j ¡ uc j . Then PÃ j D Pµ j ¡ Pucj , where Pµ j is given in
Eq. (69).

We next choose

V j .² j ; Ã j / D 1
2

¡
²T

j P² j C Ã 2
j

¯
N° j

¢
(76)

where N° j > 0. Its � rst derivativealong the motionof the j th observer
yields

PV j .² j ; Ã j / · ¡ 1
2 ¸m k² j k2 C ²T

j Pbi Ái ¡Ã j Pucj = N° j (77)

where the properties of adaptive algorithms with projection were
used. Based on the results of earlier theorems, it can be readily
shown that Pucj is bounded. Because Ái is bounded, and adaptive
algorithms with projection are used to adjust Á j , there exist c1 > 0
and c2 > 0 such that

PV j .² j ; Ã j / · ¡ 1
2
¸m k² j k2 C c1k² j k C c2 (78)

Using the arguments from Ref. 14, we can readily demonstrate that
there exists a c > 0 such that k² j .t/k · c for all t ¸ t0 . Hence, V j .t/
is also bounded.

We further integrate PV j from Eq. (48) to obtain

V j .0/ ¡ V j .1/ ¸
1

2
¸m

Z 1

0

kOei .t/k2 dt

¡ c0
1

Z 1

0

jÁi .t/j dt ¡ c0
2

Z 1

0

j Pucj .t/j dt (79)

for some constantsc0
1> and c0

2 > 0. Because Ái .t/ tends to zero, and
uc.t/ tends to Nuc , the last two terms on the right-hand side of the
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preceding expression are bounded. Hence, ² j 2L2. From Eqs. (74)
and (75), P² j is bounded. Hence, limt !1 ² j .t/ D 0. The adaptive
system (74), (75), and (69) contains only one adjustable param-
eter Ã j , that is, µ j , whereas ² j tends to zero asymptotically. Be-
cause ² j D 0 and Ã j D 0 is a unique equilibriumstate, it follows that
limt ! 1 Ã j .t/ D 0. Because the same holds for all j 6D i , Theorem 7,
part 1 holds.

We next de� ne a vector ! that depends on Oei , uc, ² j , and
µ j , j D 1; 2; : : : ; m, j 6D i , that is, ! D [OeT

i ²T
1 ²T

2 : : : ²T
i ¡ 1 ²T

i C 1
: : : ²T

m Ã1 Ã2 : : : Ãi ¡ 1 Ãi C 1 : : : Ãm]T . This stability analy-
sis, along with that from earlier theorems, implies that all signals
in the system will converge to zero in a uniform fashion, includ-
ing !.t/. Then there exists a time instant ¿1 such that k!.t/k · ±
for all t ¸ ¿1 . By choosing ± properly, the decision-making sub-
system resets all observers to the new operating regime. Hence,
the initial nominal observer is removed, and the observer corre-
sponding to the failure of the i th effector becomes the new nominal
observer.All other observersare modi� ed accordingly.We can con-
clude that this enables the scheme to detect, identify, and accommo-
date subsequent failures that occur for t ¸ ¿1, which completes the
proof. ¤

One of the main features of the proposed scheme is that, because
adaptive algorithms with projection are used, we can choose large
values of adaptive gains to guarantee fast convergenceof Ái .t/ and
Ã j .t/ to zero. We next evaluated the performance obtained using
the supervisory FDI-ARC scheme through simulations.This is dis-
cussed in the following section.

Fig. 6 Input response of the F/A-18C and D aircraft with the baseline
controller: case with no failures or disturbances.

Fig. 7 State response of the F/A-18C and D aircraft with the baseline controller: case of left rudder lock-in-place and the roll-axis disturbance.

VII. Simulation Results
All simulation results are evaluated on a combined linear and

nonlinear simulation of F/A-18C/D. The simulation combines the
nonlinearaircraft kinematics with linearizedcontrol derivativesob-
tained from a linearized model provided by The Boeing Co. The
simulation also includes linear actuator dynamics (second order),
as well as engine dynamics (sixth order), along with position and
rate limits on the control effectors.

A. Selected Flight Regime
The simulated � ight regime is power approach. Landing is ini-

tiated at t D 0 from 500 ft (152.4 m) and with forward velocity
V D 228:5 ft/s (69.65 m/s). The desired response is speci� ed using
a suitably de� ned reference model.

B. Control Variables
The following control effectors are available for controlling the

aircraft:u1 and u2 D left and right leading-edge� ap, 2) u3 and u4 D
left and right stabilator, 3) u5 and u6 D left and right rudder toe-in,
4) u7 D enginepower lever, and 5) u8 and u9 D left and right aileron.

C. Control Objective
The objective is to achieve fast and accurate capture of the glide

slope of 3 deg. The desired speed of response is speci� ed by the
requirement that the � ight-path angle achievesa value of ¡2 deg in
3.5–3.8 s.

Fig. 8 Input response of the F/A-18C and D aircraft with the baseline
controller: case of left rudder lock-in-place and the roll-axis distur-
bance.
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Fig. 9 State response of the F/A-18C and D aircraft with the adaptive recon� gurable controller: case of 50% left stabilator damage, left rudder
lock-in-place, and the roll-axis disturbance.

Fig. 10 Input response of the F/A-18C and D aircraft with the adap-
tive recon� gurable controller: case of 50% left stabilator damage, left
rudder lock-in-place, and the roll-axis disturbance.

D. Failure Scenario
We have chosen the following failure scenario:Left stabilatorun-

dergoes50% damageat t D 0 s, left rudder locks in place at t D 3:5 s,
and there is roll axis disturbance at t D 4 s.

E. Baseline Controller
We � rst simulated the aircraft with the baseline controller in the

ideal case, that is, the case without failures or disturbances. The
resulting response is shown in Figs. 5 and 6. The control allocation
is chosen to minimize the sensitivity to failures.Our next simulation
was carried out in the case when the left rudder locks in pace at
t D 3:5 s. The response from Figs. 7 and 8 shows that the closed-
loop system becomes unstable. This is due to saturation of most of
the control effectors. Note that the system becomes unstable even
in the case when there are no disturbances acting on the aircraft.
Hence, the baseline controller cannot handle critical failures, and
controlrecon� gurationis neededto assure the stabilityof the closed-
loop system.

F. ARC
As shown in Ref. 15, our adaptive recon� gurable controller as-

suresexcellentresponsein the followingcases:1) 50% left stabilator
damage at t D 0 s and disturbanceat t D 4 s, 2) left rudder failure at
t D 3:5 s and disturbance at t D 4 s, and 3) combined failure, 50%

Fig. 11 Failure-related parameter estimates, performance indices, and
the switching sequence in the case of the combined failure.

left stabilator damage during straight � ight (t D 0), and left rudder
lock in place at t D 3:5 s. The response in the latter case is shown in
Figs. 9 and 10. Note that the resulting response is excellent despite
the presence of multiple failures and disturbance. The estimates of
k.t/ and u5.t/, as well as the corresponding performance indices
and the switching sequence, are shown in Fig. 11. It is seen that the
scheme immediately switches to the right observer and controller
based on the relative value of the performance indices and that the
estimates of the failure-relatedparameters quickly converge to their
true values. The overall scheme is highly robust to the disturbance
in the roll axis.

VIII. Conclusions
In this paper we propose a new parameterization for the mod-

eling of control effector failures in � ight control applications. The
failures include lock in place, hard over, and loss of effectiveness.
It is shown that the resulting representation leads naturally to a
multiple-model formulation of the corresponding control problem
that can be solved using a multiple-model adaptive recon�gurable
control approach. In this context, stable multiple-model adaptive
recon� gurable control algorithms were derived for several cases of
increasing complexity, including the most complex case, when one
of the effectors undergoes lock-in-place or hard-over failure, and
all others loose effectiveness. In all cases, the stability of the over-
all recon� gurable control system was demonstrated using multiple
Lyapunov functions, extensions of the Lyapunov method, and the
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separation between identi� cation and control arising in the context
of indirect adaptive control.

We emphasize that the stability results from the paper are derived
in the ideal case, that is, in the case with no disturbances, control
input saturation,and actuatordynamics.From that point of view, the
results from the paper are suitablefor initialanalysisand as a starting
pointin theprocedurein whichmagnitudesofdifferentdisturbances,
control input saturation, effect of nonlinear coupling, and actuator
dynamics need to be taken into account during the veri� cation and
validation of the control algorithm. Because of the properties of
adaptivealgorithmswith projection,we can readilydemonstratethat
the system will be robust in the presence of parametric uncertainty,
time-varyingparameters,boundedexternal disturbances,noise, and
some classes of unmodeled dynamics. A detailed analysis of the
robustnessand performanceof the overall system in the presenceof
such perturbations is a subject of our current investigation.

Another important question that arises in the context of � ight
controlis thatofbothpositionand rate saturationofcontroleffectors.
Because the case of adaptive algorithms with projection transient
boundson theoutputerrorcan be readilycalculated,we are currently
working on relating these bounds to the state sets obtained from the
input saturation bounds.

We also plan to extend this approach to the case of uncertain
system parameters, as well as to nonlinear aircraft models.

Appendix A: Proof of Theorem 1
Proof: We � rst note thatEq. (32) implies that limt ! 1 Oe0.t/ D 0,

whereas Eq. (33) implies that limt ! 1 Oem0.t/ D 0. These two condi-
tions also imply that limt ! 1[x.t/ ¡ xm.t/] D 0, which proves part
2 of Theorem 1. To provepart 1, we now need to show that all errors
Oei , i D 1; 2; : : : ; m are bounded.

Let the Lyapunov function candidate for the i th identi� cation
model be of the form

Vi .Oei ; Ái / D 1
2

¡
OeT

i P Oei C Á2
i

¯
°i

¢

Because PÁi D POu i ¡ Pui , using the propertiesof adaptivealgorithms
with projection (see Appendix I) and Eq. (36), its � rst derivative
along the motions of Eqs. (28), (29), and (37) yields

PVi .Oei ; Ái / · ¡ 1
2
OeT

i Q Oei ¡ Ái Pui

We now note that, because there is no failure, u i D uci . Also, each
uci is bounded because x, xm , r, and Oui are bounded and

Puci D W ¡1 BT .BW ¡1 BT /¡12i [ Ṕ ¡ bi
POui ]

where Ṕ D ¡.A ¡ 3/Px ¡ .3 ¡ Am /Pxm C Bm Pr. Because Px D Ax C
Buc , and because uc is bounded, it also follows that Px is bounded.
Because r is bounded, xm is also bounded, which implies that Pxm

is bounded as well. Because Pr 2 L1, it follows that Ṕ .t/ is also
bounded. In addition, from the adaptive algorithms (37), POui .t/ is
bounded.The precedinganalysis implies that there exists a constant
cui > 0 such that

kPuci .t/k · cui ; 8t ¸ t0

Because the adaptive algorithms (37) result in jÁi .t/j · .u i /max ¡
.u i /min , we also have

PVi .Oei ; Ái / · ¡ 1
2
¸m kOei k2 C ci

where ¸m denotes the minimum eigenvalue of Q and ci D
[.ui /max ¡ .ui /min]cui . It follows from Ref. 14 (see Appendix H)
that Oei is bounded. Because this holds for any i D 1; 2; : : : ; m, this
completes the proof. ¤

Appendix B: Proof of Theorem 2
Proof: Let the Lyapunov function candidate for the jth identi� -

cation model be of the form

V j .Oe j ; Á j / D 1
2

¡
OeT

j P Oe j C Á2
j

¯
° j

¢

Because in the case of lock-in-placeor hard-over failure of the j th
effector we have Puc j .t/ D 0 for all t ¸ tF j , it follows that PÁ j .t/ D
POu j .t/ over the same interval. By the use of the properties of adap-
tive algorithms with projection, the � rst derivative of V j along the
motions of Eqs. (42), (43), and (37) for i D j yields

PV j .Oe j ; Á j / · ¡ 1
2
OeT

j Q Oe j · 0

It follows that Oe j 2 L2 \ L1 (see Appendix G). However, this does
not imply that limt ! 1 Oe j .t/ D 0. Because Eq. (44) implies that
limt ! 1 Oem j .t/ D 0, and because xm is bounded, it follows that Ox j

is bounded. Because Oe j is bounded, this in turn implies that x is
boundedaswell.Becausex, xm , r, and Ou i are bounded,it followsthat
each uci is bounded, including ucj . This implies that POe j is bounded,
which implies (see Appendix G), that limt ! 1 Oe j .t/ D 0. Because
both Oem j .t/ and Oe j .t/ tend to zero asymptotically, it follows that
limt ! 1[x.t/ ¡ xm .t/] D 0, which proves part 2 of Theorem 2.

We now need to prove that the errors Oe0 and Oei , i D 1; 2; : : : ; m,
i 6D j , are bounded. Let the Lyapunov function candidate for the
identi� cation model (40) and (41) be of the form

V0.Oe0/ D 1
2
OeT

0 P Oe0

Its � rst derivative along the motions of Eqs. (40) and (41) yields:

PV0.Oe0/ D ¡ 1
2
OeT

0 Q Oe0 C OeT
0 Pb j .ucj ¡ Nucj /

Because each uci is bounded, then there exists a constant cu j such
that jucj .t/j · cu j for all t ¸ tF j . Hence,

PV0.Oe0/ · ¡ 1
2 ¸m kOe0k2 C c0kOe0k

where c0 D kPb j k.cu j C Nucj /. It again follows from Ref. 14 (see
Appendix H) that Oe0 is bounded.

Along exactly the same lines as in the proof of Theorem 1 it
follows that all errors Oei , i D 1; 2; : : : ; m, i 6D j are also bounded,
which proves part 1 of Theorem 2.

In addition, because the system (42) and (43) is linear, its unique
equilibrium state is (Oe j D 0, Á j D 0). Because limt ! 1 Oe j .t/ D 0, it
follows that limt ! 1 Á j .t/ D 0, which completes the proof. ¤

Appendix C: Proof of Theorem 4
Proof: Because the design of the identi� cation models is

under the discretion of the designer and because x.t/ is mea-
surable, all models can be initiated with Oxi .0/ D x.0/ at t0 D 0.
Because the system is started with uco, this results in Oe0.t/ D 0,
for all t 2 St D ft : 0 · t < tF j g. Because all other models have forc-
ing terms due to the terms Pu i .t/, the indices I j .t/, j D 1; 2; : : : ; m,
will be greater than zero, so that I0.t/ will be minimum over St ,
and the scheme will stay at uco . If there is a failure of the j th
effector, the j th identi� cation model will correspond to the cur-
rent plant dynamics. Using this model, we can, hence, readily
show that Oe j 2 L2 \ L1. From Theorems 1 and 2 we know that
the adaptive algorithms (37) assure that all identi� cation errors Oei ,
i D 0; 1; 2; : : : ; m , will be bounded regardless of the current con-
troller. Furthermore, it is clear that, with any current controller, for
example, uci , the corresponding identi� cation model assures that
Oemi is bounded, which, because xm is bounded, implies that Oxi is
bounded as well. Because x D ¡Oei C Oxi , it follows that x is bounded
as well. The latter also implies that every uci is bounded, from
where it follows that POe j is also bounded. Hence (see Appendix G),
limt ! 1 Oe j .t/ D 0.This implies that,due to the termexp[¡¸.t ¡ ¿ /],
limt ! 1 I j .t/ D 0. Becauseall othermodelswill have forcing terms,
and because all indices have integral terms so that their errors will
accumulate over a time interval, it follows that there exists a time
instant t j > tF j such that I j .t/ D mini fIi .t/g for t ¸ t j . Hence, the
scheme will switch to ucj . Based on the results of Theorems 2
and 3, we can now conclude that all signals are bounded, and that
limt ! 1 Oe j .t/ D limt ! 1 Oem j .t/ D limt ! 1[x.t/ ¡ xm .t/] D 0. ¤
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Appendix D: Proof of Theorem 5
Proof: Let 8k D OK ¡ K D diag[Ák1 Ák2 : : : Ákm ]. From

Eqs. (12), (13), (48), and (49) we obtain the following error model:

POe01 D NAOe02; POe02 D 3Oe0 C B8k uc

Because 8k is a diagonal matrix, this error model can be rewritten
as

POe01 D NAOe02; POe02 D 3Oe0 C BUcÁk

where Uc D diag[uc1 uc2 : : : ucm ], and Ák D [Ák1 Ák2 : : :
Ákm ]T .

We now choose

V .Oe0; Ák / D 1
2

£
OeT

0 P Oe0 C ÁT
k 0¡1

k Ák

¤

where 0k D diag[°k1 °k2 : : : °km ]. It follows that

PV .Oe0; Ák / D ¡ 1
2
OeT

0 Q Oe0 C OeT
0

NPUcÁk C ÁT
k 0¡1

k
PÁk

Based on Proposition 1,

PV .Oe0; Ák / · ¡ 1
2 ¸mkOe0k2 ¡ ÁT

k 0¡1
k

Pk

BecauseÁk is boundedby the choiceof adaptivelaws, fromassump-
tion 2, there exists a constant ck > 0 such that jÁT

k .t/0¡1
k

Pk.t/j · ck

for all time. Hence,

PV .Oe0; Ák / · ¡ 1
2 ¸mkOe0k2 C ck

which implies (see Appendix H) that Oe0 2 L1 . Hence, V is also
bounded. We further integrate the expression (F1) to obtain

V .0/ ¡ V .1/ ¸ 1

2
¸m

Z 1

0

kOe0.t/k2 dt C
Z 1

0

ÁT
k .t/0¡1

k
Pk.t/ dt

Because Ák is boundedand Pk 2 L2 , it follows that Oe0 2 L2. However,
this does not imply that either Oe0 or x are bounded, and further
analysis is needed.

We next substitute Eq. (50) into Eq. (49) and subtract Eq. (5) to
obtain

POem0 D 30 Oem0

where Oem0 D Ox0 ¡ xm . Hence, Oem0 is boundedand limt ! 1 Oem.t/ D 0.
Because xm is bounded by the choice of the reference model, we
can conclude that x is bounded as well. This in turn implies that uc

is also bounded.
These properties imply that POe0 is bounded, and, because

Oe0 2 L2 \ L1, it follows that (see Appendix G) limt ! 1 Oe0.t/ D 0.
Because limt ! 1 Oem.t/ D 0, the latter condition also implies that
limt ! 1[x.t/ ¡ xm .t/] D 0. ¤

Appendix E: Proof of Theorem 6
Proof: The scheme is started with Oxi .0/ D x.0/, i D 0; 1;

2; : : : ; m and with uco . Even thoughthe scheme is started with uco , it
might not stay at uco if there is a suddenvariationof K .t/ becausein
the transient, some other model may be closer to the new operating
regime. However, even in such a case the system is guaranteed to
switch back eventually to uco as shown hereafter.

If there are no other failures except for loss of effectiveness,using
the results of Theorem 5, we can conclude that Oe0 , Oem0, and x are
bounded.To show that in this case all other signalsare also bounded,
we � rst choose

Vi .Oei ; Ái ; Ãi / D 1
2

£
OeT

i P Oei C Á2
i

¯
°i C ÃT

i 0¡1
ki Ãki

¤

where 0ki D diag[°1i °2i : : : °mi ], i D 1; 2; : : : ; m. Its � rst deriva-
tive along the motion of the i th model yields

PVi .Oei ; Ái ; Ãi / · ¡ 1
2 ¸m kOei k2 ¡ Ái Pui =°i ¡ ÃT

i 0¡1
ki

Pk

where the properties of adaptive algorithms with projections were
used (Appendix I), along with Proposition 1. Similarly, as in the

proofsof Theorems1 and 5, we can show that signals Pui are bounded
along with the errors Oei . From Theorem 5, it follows that in the pres-
ence of the loss of effectiveness, all signals are bounded and Oe0.t/,
Oem0.t/, and [x.t/ ¡ xm .t/] tend to zero asymptotically. Because all
other models have forcing terms and indices Ii .t/ have integral
terms, the errors will accumulate over a time interval and the in-
dices Ii .t/, i D 1; 2; : : : ; m, will be greater than zero. Because Oe0.t/
tends to zero and because all indices have the exponentiallydecay-
ing term exp[¡¸.t ¡ ¿ /], it follows that limt ! 1 I0.t/ D 0. Hence,
even if in the transient the system switched to a different controller,
there exists a time instant t0 such that it will switch back to uco for
t ¸ t0.

In the case of simultaneousloss of effectivenessand lock in place
or hard over of the j th effector, we have that

POe10 D NAOe20; POe20 D 30 Oe0 C NB j UcÃ0 C b j .ucj ¡ Nucj /

POe1 j D NAOe2 j ;
POe2 j D 30 Oe j C NB j UcÃ j C b j Á j ;

POe1i D NAOe2i

POe2i D 3Oei C NB j UcÃi C bi Ái ; i D 1; 2; : : : ; m; i 6D j

where Pu j .t/ D 0 and Nucj D ucj .tF j /. Because of the former condi-
tion, from the expression (80) for i D j and assumption 2, we can
concludethat Oe j 2 L2 \ L1. With any controlleruci , the correspond-
ing identi� cation model assures that Oemi is bounded, which, based
on the boundedness of xm , implies that Ox j , and, consequently, x
are bounded as well. This implies that every uci is bounded, from
where it follows that POe j is also bounded. Hence (see Appendix H),
limt ! 1 Oe j .t/ D 0.This implies that,due to the termexp[¡¸.t ¡ ¿ /],
limt ! 1 I j .t/ D 0. Becauseall othermodelswill have forcing terms,
and all indices have integral terms so that their errors will accu-
mulate over a time interval, it follows that there exists a time in-
stant t j > tF j such that I j .t/ D mini fIi .t/g for t ¸ t j . Hence, the
scheme will switch to ucj . Based on the results of Theorems 2
and 3, we can now conclude that all signals are bounded and that
limt ! 1 Oe j .t/ D limt ! 1 Oem j .t/ D limt ! 1[x.t/ ¡ xm .t/] D 0. ¤

Appendix F: Pseudoinverse Control
Algorithm Based on Ref. 16

The control designproblemin the case when the number of avail-
able control inputs exceeds the number of outputs can be ef� ciently
studied within the framework of constrained optimization. The ob-
jective is to minimize the total control effort, which can be formally
stated as

min
u

J D min
u

1
2 uT Wu

where W D W T > 0. We commonly choose W D diag[w1 w2 : : :
wm]T . This criterion is subject to the constraint Pe D Ame (where
e D x ¡ xm , Am is asymptotically stable, and xm is the output of a
reference model Pxm D Am xm C Bmr), for speci� ed x and xm . Such a
constraint represents the desiredbehaviorof the closed-loopsystem
and is well suited for the tracking problem considered in this paper.
In Ref. 16, the preceding criterion was subject to Px D Ax C Bu. We
next consider the following.

Theorem F1: Control law

u D W ¡1 BT .BW ¡1 BT /¡1f¡Ax C Am x C Bm rg (F1)

minimizes the preceding criterion.
Proof: By the use of the Lagrange multiplier formulation and

Pe ¡ Ame D Ax C Bu ¡ Amx ¡ Bmr, the problem reduces to

min
u

©
1
2 uT Wu ¡ ¸T .Ax C Bu ¡ Am x ¡ Bmr/

ª

where ¸ denotes the Lagrange multiplier. Partial derivative with
respect to u yields uT W C ¸T B D 0, or

u D W ¡1 BT ¸

Substituting this expression into Ax C Bu ¡ Am x ¡ Bmr and
solving for ¸ now yields Eq. (F1), which completes the proof. ¤
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Appendix G: Stability Analysis of Adaptive Systems13

Theorem G1: Let an error model be of the form

Pe D 30e C B0Á
T !.t ; e/; PÁ D ¡!.t ; e/BT

0 Pe (G1)

where 30 is asymptotically stable, B0 is known, P is given by
Eq. (36), and !.t; e/ is bounded for bounded e and for all time.
Then limt ! 1 e.t/ D 0.

Proof: Let the Lyapunov function candidate be of the form

V .e; Á/ D 1
2 [eT Pe C ÁT Á]

First derivative of V along the motions of Eq. (G1) yields

PV .e; Á/ D ¡ 1
2
eT Qe · ¡ 1

2
¸m kek2 · 0 (G2)

where ¸m denotes the minimum eigenvalue of Q. It follows that
the equilibrium (e D 0; Á D 0) of Eq. (G1) is stable in the sense of
Lyapunov. This implies that e and Á are bounded, that is, e 2 L1

and Á 2 L1. Hence, V is bounded as well. On integratingEq. (G2),
we obtain

V .0/ ¡ V .1/ ¸ 1

2
¸m

Z 1

t0

ke.t/k2 dt

Because the term on the left-handside of this expressionis bounded,
it followsthate 2 L2 . FromEq. (G1), we alsoknowthat Pe is bounded,
so that, from the Barbalaat’s lemma (see, for example Ref. 13), it
follows that limt ! 1 e.t/ D 0. ¤

Appendix H: Extensions of the Lyapunov
Method from Ref. 14

Theorem H1: Let (»1 D 0, »2 D 0) be an equilibrium of the
system P»i D fi .» /, i D 1; 2, where » D j» T

1 » T
2 j. If »2 2 L1, and if

there exists a tentative Lyapunov function V .» / for the system such
that

PV .» / · ¡c» 0k»1k2 C c»1k»1k C c»2

then »1 2 L1 .
Proof: We � rst rewrite this expression in the form

PV .» / · ¡c» 0

£
k»1k2 ¡ Nc1k»1k ¡ Nc2

¤

where Nci D c» i=c» 0, i D 1; 2. From the expression, it follows
that PV > 0 is possible only for »1 2 S1 , where S1 D f»1 : k»1k ·
[ Nc1 C

p
. Nc2

1 C 4 Nc2/]=2g.BecauseS1 is compactandcontainsthepoint
»1 D 0, it follows that »1 2 L1. ¤

Appendix I: Adaptive Algorithms with Projection
Properties of such adaptive algorithms will be illustrated based

on the example of a simple error model given here:

Pe D ¡¸e C Á!.t; x/

where ¸ > 0, e D x ¡ xm ; xm : RC ! R is a smooth bounded func-
tion, !.t; x/ is bounded for bounded x and for all time, Á D µ ¡ µ¤

denotes the parameter error, µ is an adjustable parameter, and
µ¤ 2 [µmin; µmax] is constant. The objective is to adjust µ.t/ within
[µmin; µmax] so that limt ! 1 e.t/ D 0.

Theorem I1: If µ.t/ is adjusted using the adaptive algorithm
with projection of the form

Pµ D Proj
[µmin ;µmax ]

f¡° e!g; µ.0/ 2 [µmin; µmax]

where the projection operator is de� ned as

Proj
[µmin ;µmax ]

f¡° e!g

D

8
>>>><

>>>>:

¡° e!; if µ .t/ D µmax and e! > 0

0; if µ .t/ D µmax and e! · 0

¡° e!; if µmin < µ.t/ < µmax

0; if µ .t/ D µmin and e! ¸ 0

¡° e!; if µ .t/ D µmin and e! < 0 (I1)

then limt ! 1 e.t/ D 0.
Proof: Let the tentative Lyapunov function for the system be

V .e; Á/ D 1
2 .e2 C Á2=° / (I2)

Its derivative along the motions of the system yields

PV .e; Á/ D ¡¸e2 C eÁ! C Á PÁ=°

To assure that PV is negative semide� nite, our objective is to show
that in all cases

Á PÁ · ¡° eÁ!

that is, that Á PÁ C ° eÁ! · 0. We will consider each individual case
further. We note that, because µ¤ is constant, Pµ.t/ ´ PÁ.t/.

Case 1 is µ.t/ D µmax . When e! > 0, PÁ D ¡° e! and Á PÁ D
¡° eÁ!. Because Á D µ ¡ µ¤ and µ ¤ 2 [µmin; µmax], in this case Á D
µmax ¡ µ¤ ¸ 0. When e! · 0, PÁ D 0, and we have Á PÁ C ° eÁ! D
° eÁ! · 0.

Case 2 is µmin < µ.t/ < µmax. In this case Á PÁ D ¡° eÁ!.
Case 3 is µ.t/ D µmin . For e! < 0, PÁ D ¡° e! and Á PÁ D ¡° eÁ!.

Because, in this case, Á D µmin ¡ µ¤ · 0 for e! ¸ 0, we have PÁ D 0
and Á PÁ C ° eÁ! D ° eÁ! · 0.

It follows that the adaptive algorithmswith projectionassure that
the condition Á PÁ · ¡° eÁ! is satis� ed for all values of arguments.
This implies that PV .e; Á/ · ¡¸e2 · 0. Using the arguments from
AppendixG, we can now readilydemonstrate that limt ! 1 e.t/ D 0.

Our nextobjectiveis to demonstratethat when the adjustmentlaw
(I1) is used, the overall system will be robust to bounded external
disturbances, time-varying parameters, and parametric uncertainty.
Let the error model be of the form

Pe D ¡¸e C ».t; x/ C Á!.t; x/ C z

where j».t ; x/j · ajxj C b for all .t ; x/ denotes a term due to un-
modeled dynamics and/or parametric uncertainty, a; b > 0, and
a < ¸; µ ¤.t/ 2 [µmin; µmax] for all t ; j Pµ¤.t/j · cµ for all t , and
jz.t/j · cz for all t denotes a disturbance. We also let jxm.t/j · cxm

for all t .
Theorem I2: Adaptive algorithm (I1) assures that e is bounded.
Proof: Let the tentative Lyapunov function be of the form (I2).

Because PÁ D Pµ ¡ Pµ¤, its � rst derivative yields

PV .e; Á/ · ¡¸e2 C e» C ez ¡ Á Pµ¤=°

· ¡.¸ ¡ a/e2 C .acxm C b C cz/jej C [.µmax ¡ µmin/cµ ]=°

Because ¸ > a, using Appendix H, we can readily show that e is
bounded, which completes the proof. ¤
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